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A SINGLE-STAGE INTEGER PROGRAMMING MODEL FOR LONG TERM 

TRANSIT FLEET RESOURCE ALLOCATION  
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ABSTRACT 
 
The authors present a procedure for resource allocation among transit agencies for transit 

fleet management, specifically focusing on the purchase of new buses and rebuilding of 

existing buses. The model is formulated as a non-linear optimization problem of 

maximizing the total weighted average remaining life of the fleet subject to budgetary, 

policy and other constraints. The problem is solved using Integer Programming (IP) and 

its application is demonstrated through a case study utilizing actual transit fleet data from 

the Michigan Department of Transportation.   

 This proposed model is an extension of earlier research on a Two-stage sequential 

optimization method, solved by Linear Programming (LP). The proposed model has a 

Single-stage structure designed to attain a better solution by allocating resources among 

different improvement options and different agencies in a single step. A comparison of 

the results by the two methods shows that while both approaches are viable, the Single-

stage approach produces better results. The proposed model, as demonstrated in the case 
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study is considered more robust, compact, efficient and suitable for both short term and 

long range planning. 

 
CE Database subject headings: transit fleet management, resource allocation, integer 

programming, linear programming, optimization  
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INTRODUCTION 
 
Many Departments of Transportation (DOT) at the state and local levels are concerned 

about the escalating costs of new buses and lack of funds to keep up with the replacement 

needs of the aging fleet. The cost of replacing the transit fleet in the United States (U.S.) 

to maintain current performance levels is estimated to exceed one billion dollars annually 

(FTA 2006a). The addition of new buses to the existing fleet of any transit agency is a 

capital intensive process. In the U.S., the federal Government provides a bulk of the 

capital funds needed to replace the aging transit fleet, with the requirement of a minimum 

matching support (usually 20%) from non-federal sources.   

 A bus that completes its service life should ideally be replaced. However, lack of 

capital funds often prevents states from procuring new buses for their constituent 

agencies. Several alternatives to bus replacement are available to the transit industry that 

can be classified under two generic categories: bus rehabilitation and bus 

remanufacturing (Khasnabis and Naseer 2000). For the purpose of this paper, the 

following terms are adapted from the literature (FTA 2006b).  

i. Replacement (REPL): Process of retiring an existing vehicle and procuring a 

completely new vehicle. Vehicles replaced using federal dollars must have 

completed their service life requirements.  

ii. Rehabilitation (REHAB): Process by which an existing vehicle is rebuilt to the 

original manufacturer’s specification, with primary focus on the vehicle interior 

and mechanical system. 



 4

iii. Remanufacturing (REMANF): Process by which the structural integrity of the 

vehicle is restored to original design standards. This includes remanufacturing the 

body, the chassis, the drive train, and the vehicle interior and mechanical system. 

Note: The generic term ‘REBUILD’ has been used in this paper to mean REHAB and or 

REMANF.  

A number of studies conducted between 1980 and 2000 explored the economics 

of replacement of buses versus rebuilding of existing buses. Most of these studies found 

that up to certain limits, it is cost-effective to rebuild an existing bus thereby extending 

the life of an existing bus by a few years with a fraction of the procurement cost of a new 

bus.   

 While the state DOT’s may not have enough capital funds to procure new buses 

for its constituent agencies, it may be possible for them to allocate capital funds partly for 

the purchase of new buses, and partly for rebuilding of existing buses, and to distribute 

the funds among transit agencies in an equitable manner.  Considering the statewide 

transit fleet as a major public investment, the resolution of the question of allocation and 

distribution of funds for new buses and rebuilding of existing buses would require the 

development of an asset management strategy.  Unfortunately, very little research is 

reported in the literature on management strategies to allocate scarce resources to meet 

the fleet requirements by a combination of new and rebuilt buses. The problem addressed 

in this paper relates to the question of allocation of resources among transit agencies for 

fleet management purposes.  

 The problem addressed is typical to a state DOT in the U.S. that supports the fleet 

management of its constituent transit agencies. Federal support for fleet management 
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programs is also routed through the state. Fleet management programs are designed to 

ensure that the buses are kept in productive operation for a Minimum Normal Service 

Life (MNSL), which is defined in the U.S. as the number of years or miles of service that 

the vehicle must provide before it “qualifies” for federal funds for replacement. Each 

agency, at any given time, has fleets of varying spans of Remaining Life (RL), where RL 

is the difference between the MNSL and the age of the vehicle, expressed either as the 

number of years, or number of miles (kilometers).   

 The combined fleet size of the transit agencies in Michigan (the state that was 

used for a case study in this paper) is close to 3,000 buses, with an approximate net worth 

of $400 million.  Every year, buses that complete their MNSL requirement, become 

eligible for replacement.  However, because of budget constraints, only a fraction of these 

buses are replaced.  The MNSL for medium sized buses, the subject of this paper, as 

prescribed by federal guidelines is 320,000 km (200,000 miles) or 7 years of service. The 

latter unit i.e. the number of years of service is used as a measure of MNSL and RL in 

this paper.   

 

LITERATURE REVIEW 

A brief literature review on three relevant topics: REBUILD policy options, resource 

allocation and asset management, and use of optimization in transit is presented below. A 

more complete review is available in an earlier research report (Khasnabis et al. 2003a). 
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Rehabilitation and Remanufacturing Issues 
 
The topic of bus replacement, rehabilitation, and remanufacturing practices and policies 

drew significant attention in the 1980s, and received renewed research interest in the late 

1990s. A 1980 study conducted for the Urban Mass Transportation Administration 

suggested bus rehabilitation as a supplement to, rather than as a substitute for the 

purchase of new buses for fleet management purposes (Blazer et al. 1980). Based upon 

economic analysis, McLeod concluded that bus rehabilitation, if properly conducted, can 

be a cost-effective alternative to new bus acquisition, and recommended more funds for 

local operators for rehabilitation purposes (McLeod 1982). A number of other studies 

conducted in the 1982-1985 period essentially concluded that rehabilitation strategies, if 

properly deployed, can be effective in operating fleet and that higher rehabilitation costs 

are associated with longer extended lives (Bridgeman et al. 1983, ATE 1983, Bridgeman 

et al. 1984, and Felicetti 1985). A recent study addressed the issue of intangible benefits 

and costs of extended bus longevity and essentially reconfirmed the findings of the 

studies conducted in the 1980s (Khasnabis et al. 2002). The authors concluded that 

rehabilitation and remanufacturing of buses can effectively increase the service lives of 

existing buses, if properly maintained. 

 The literature review clearly showed that remanufacturing and rehabilitation of 

buses, if done properly, can be a cost-effective option. The studies mentioned above 

stressed the importance of proper preventive maintenance as a primary factor 

contributing to the success of rehabilitation programs. These studies emphasized that 

rehabilitation, “if properly done,” can be a successful strategy, clearly referring to the 

quality of maintenance and steps taken by the agency to prevent major breakdowns in 
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machine components or bus body infrastructure. Very few studies have attempted to use 

optimization techniques to allocate capital funds for the dual purpose of replacement and 

rebuilding (Khasnabis et al. 2004). 

 

Asset Management Issues 

The concept of asset management is being used increasingly in the transportation field at 

various governmental levels. Asset management is defined as a “systematic process of 

operating, maintaining, and upgrading physical assets cost effectively. It combines 

engineering and mathematical analyses with sound business practice and economic 

theory” (AASHTO 1998). Asset management techniques have been used extensively by 

the private industry; and since the last decade, the government sector has made concerted 

efforts to use the lessons learnt from the private sector in justifying the use of resources 

for public projects (FHWA 1999; NCHRP 2002). Management systems have been 

applied to pavement, rebuilding of infrastructures, human resources, bridges, traffic, and 

safety (GASB 1999). In the transportation field, asset management can be considered as 

the collective grouping of all assets, including the aforementioned items for the purpose 

of developing long-term operating strategies (McNeil et al. 2000).   

Despite the growing emphasis on asset management strategies, the concept of 

resource allocation for fleet management purposes has received very little research 

attention so far (Khasnabis et al. 2004). The authors feel that there is a need for applying 

asset management techniques in transit operation today. This paper endeavors to address 

this gap in the literature. 
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Optimization Tools and Solution Approaches in Transit 
 
Mathematical programming has been used for the allocation of limited resources in 

various engineering and management problems. The problem usually involves the 

maximization or minimization of an objective function comprising a set of decision 

variables (Hillier and Liberman 2005; Bierman et al. 1997). The variables are then 

subject to various constraints, expressed in the form of inequalities or equalities. 

Different optimization techniques exist, such as linear programming (LP), integer 

programming (IP), nonlinear programming, and dynamic programming (Rau 1996; 

Wolsey and Nemhauser 1999) that have been used to resolve complex engineering and 

management problems.  

This paper is based upon the use of IP technique, typically used for solving 

optimization problems involving integer variables. Examples in the transportation sector 

include allocation of funds to highway safety improvements (Melachrinoudis and 

Kozanidis 2002; Kozanidis and Melachrinoudis 2004), transit centre location-allocation 

decisions (Uyeno and Willoughby 1995; Willoughby and Uyeno 2001) and optimal 

highway pavement rehabilitation planning (Ouyang and Madanat 2004). Similarly, past 

research in the non-transportation sector include production planning and scheduling of 

batch processing plants (Orcun et al. 2001), optimal design, production, and maintenance 

planning for multipurpose process plants (Goel at al. 2003),  and optimal production, 

allocation and distribution within supply chain networks (Tsiakisa and Papageorgiou 

2008). 
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MODEL DEVELOPMENT 
 
The model presented in this paper is the outgrowth of a research effort initiated by 

Khasnabis et al. in 2002 (Khasnabis et al. 2002; Khasnabis et al. 2003a; Khasnabis et al. 

2003b). As a part of the USDOT study, they developed a Two-stage linear programming-

based optimization model (termed hereinafter as the Two-stage model), with two sub-

models, one for each stage to be applied sequentially (Khasnabis et al. 2004).  

 
Two-stage Model 
 
 Annual allocation of capital dollars for the dual purpose of purchasing new buses 

and rebuilding existing buses is carried out in the first stage. Annual distribution of 

capital dollars among the constituent agencies is accomplished in the second stage. The 

first stage represents an optimization model where the objective is to maximize the 

weighted fleet life of the buses being replaced and rebuilt within the constraints of a fixed 

budget.  In the second stage, funds are distributed among the constituent agencies to 

maximize the sum total of the Weighted Average Remaining Life (WARL) of the fleet of 

all the constituent agencies.  The Two-stage approach is based upon LP, and the output 

from stage 1 serves as an input to stage 2. The Single-stage model reported in this paper 

builds upon the knowledge developed in this earlier work. The mathematical formulation 

and application are discussed in the literature (Khasnabis et al. 2004) 

 
Single-stage Model 
 
In this paper, the authors present the Single-stage optimization model that can be used to 

allocate resources among the constituent agencies directly for the replacement and/or 

rebuilding of existing buses annually. This allocation can be conducted for each year over 
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a specific planning horizon. The impetus for this work is the understanding that a Single- 

stage optimization may give a better solution than the Two-stage optimization, even if the 

latter reaches optimum solution in both stages. Earlier attempts to develop the framework 

of a Single-stage model proposed by Khasnabis and Mathew (2006) and Khasnabis et al. 

(2007) produced better results for a single year when compared to the Two-stage model. 

Therefore, the Single-stage model presented in this paper is a complete elaboration of the 

above framework showing the allocation/distribution of resources over a multi year 

planning horizon. A seven year planning period was chosen in the original study as it 

conforms to the MNSL of the medium size bus (Khasnabis et al. 2004). The same period 

was continued in this study to ensure compatibility of the results for comparison purposes.  

The Single-stage model uses IP for resource allocation and unlike its predecessor, 

completely bypasses the intermediate step of allocating resources among different 

improvement options (new buses and rebuilt buses).  Rather, it is a direct and 

simultaneous allocation of resources for different improvement options among the 

constituent agencies. Thus, there are two major differences between the two models, 

namely in structure (Two-Stage versus Single-Stage) and in the solution methodology 

(LP versus IP).  
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Formulation 

The proposed model is formulated as a Single-stage optimization problem where the 

objective is to maximize the total weighted average remaining life (TWARL) expressed 

as Zn, each year for all the agencies over a planning horizon. The model formulation is as 

follows:  
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The notations and key terms are presented below: 
 

A  : total number of agencies 

i : 1, 2, …,A, the subscript for a transit agency 

j : 1, 2, …,y, the subscript for remaining life  

k : 1,2,3,4 the subscript used for improvement option  

n : 1, 2, …,N, the subscript used planning year 

N  : number of years in the planning period 
y  : minimum service life of buses 

nb  : budget available for nth planning year 

nZ  : total weighted average remaining life for year n 
'

1nb −  : surplus available from the previous year after allocation of resources 

n
kc  : cost of implementation of the improvement option k on nth year 

n
ijf  : number of buses for an agency i with remaining life of j years on nth planning year

kl  
: additional year added to the life of the bus due to improvement option 

k, { }kl , , ,α β γ ω∈  

n
ijr  

: number of existing buses with remaining life of j years for an agency i on nth 

planning year  

ij

nx  
: number of buses which received remaining life of j years for an agency i on nth 

planning year due to the improvement option 

ik

ny  
: number of buses chosen for the improvement option k adopted for an agency i on 

nth planning year 

n
iy ω  

: number of buses need to be improved by ω in the nth planning year for agency i, 

(ω€{7}) 

,( )
n
i αβδ  

: number of buses already improved by α, β due to rehabilitation in the nth planning 

year for agency i, (α, β €{2,3}) 

,( )
n
i γδ  

: number of buses already improved by γ due to remanufacture in the nth planning 

year for agency i, (γ €{4}) 

α  : additional number of years added to the life of the bus by REHAB1 

β : additional number of years added to the life of the bus by REHAB2 
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γ : additional number of years added to the life of the bus by REMANF 

ω : additional number of years added to the life of the bus by REPL 

REHAB1 : the first improvement option- rehabilitation of bus yielding 2 additional years 

REHAB2 : the second improvement option- rehabilitation of bus yielding 3 additional years 

REMANF : the third improvement option- rehabilitation of bus yielding 4 additional years 

REPL : the last improvement option-replacement of bus yielding 7 additional years 

WARL : Weighted Average Remaining Life 

WARLi : Weighted Average Remaining Life for agency i= 

n n
ij ij

j
i n

ij
j

f r
WARL

f
=

∑
∑

 

TWARL : Total Weighted Average Remaining Life= i
i

TWARL WARL= ∑  

TSWARL : Total System Weighted Average Remaining Life = 
n

TSWARL TWARL= ∑  

 
 

The objective function (1) is the sum total of the weighted average remaining life 

of the fleet of all the constituent agencies for a given year. Expression (2) is a budget 

constraint and it ensures the total cost of improvement does not exceed the allowable 

budget for a year plus the surplus, if any, from the previous year. The equation (3) 

ensures that all the buses that have completed their MNSL requirements will be improved 

either by REPL or by REBUILD. Expression (4) is a replacement (policy) constraint 

which makes sure that buses subjected to various rebuilding options (as explained in 

Equations 7 and 8) must be replaced with new buses in a pre-specified manner. 

Expression (5) is a non-negativity constraint, which ensures that the number of buses 

chosen for improvement is never negative. Equation (6) is a definitional constraint to 

ensure that the life of the buses is improved by either α, β, γ, and ω  years for the re-

modified bus. Other buses in the system will have no additional years added. The 
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REBUILD option extends the life of the bus by two, three and four years, while the 

REPL option provides a new bus with seven years of expected life. Hence the value of 

iky  can be α, β, γ, and ω  years. The decision variable
ij

nx is defined in equation (6) with 

the help of an auxiliary variable n
iky . Equation (7) reflects the policy constraint to ensure 

that buses rehabilitated two times (REHAB1 or REHAB2) must be replaced with new 

buses. Similarly equation (8) ensures that buses that have been remanufactured once 

(REMANF) must be replaced the next time. It should be noted that the policy constraints 

specified in expression 7-8 were treated manually in the Two-stage model. In the Single-

stage model, buses that need to be replaced because of policy constraints are 

automatically ‘tracked’ over the planning period. The problem is formulated and solved 

for each year for a desired planning horizon; however, application of the constraints (2-8) 

depends on the decision of previous years and hence the constraints are treated 

exogenously. The formulation assumes that the fleet size remains constant during the 

analysis period. The variable 
ij

nx  in the objective function (1) is defined in expressions (6-

8) is a step function, rendering the problem non-convex. Although methods are available 

to approximate this to a continuous function, such a formulation is not suitable for this 

study, since these values refer to number of buses and addition of number of years.  

 

CASE STUDY 

The application of the Single-stage model is demonstrated through a comprehensive case 

study utilizing actual fleet data from the Michigan Department of Transportation 

(MDOT).  For comparison purposes, selected results of the Two-stage modeling effort, 

using the same database are adapted from the literature (Khasnabis et al. 2003a; 
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Khasnabis et al. 2004). The case study presented is for medium sized-medium duty buses 

for a total fleet size of 720 for 93 agencies in Michigan that receive capital assistance 

from MDOT.  The source of information used in this study is the fleet data available in 

the Public Transportation Management System (PTMS), developed by MDOT. 

 A set of assumptions are imposed to adapt the model for this case study. They 

include: (i) Buses that have completed their MNSL requirements will be improved either 

by REPL or by REBUILD. Further, REBUILD includes three options: REHAB1, 

REHAB2, and REMANF; (ii) Improvement options REHAB1, REHAB2, REMANF, and 

REPL will result in additional remaining life of 2, 3, 4, and 7 years respectively; (iii) 

Buses rehabilitated two times (REHAB1, REHAB2 or combination) must be replaced 

with new buses; (iv) Buses remanufactured once (REMANF), must be replaced with new 

buses; (v) The cost of improvement options increases every two years (see Table 2); (vi) 

Any remaining surplus in a given year can be carried over to the next year; (vii) Deficits, 

although not desirable, are allowed, when policy constraints make viable solutions 

infeasible; (viii) The case study is conducted for a group of medium sized buses as 

opposed to individual vehicles; and (ix) The basic model parameters (e.g., budgets, Cmax, 

policy constraints, extended life values associated with different improvement options, 

etc.) were kept unchanged in the case studies for Two-stage and Single-stage model to 

ensure compatibility between the results. Note: assumptions (iii) and (iv) are referred to 

as policy constraints in the remainder of the paper. 

The distribution of the RL (in years) of the fleet of medium sized buses for a few 

of the 93 agencies for the base year 2002 is shown in Table 1.  A complete listing of the 

RL of all agencies is available in the project report (Khasnabis 2003a).  Since the MNSL 
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of the buses are seven years, a seven year RL is indicative of new buses.  Similarly, a 

“zero” year RL would be indicative of those buses that have fulfilled their MNSL 

obligations, and hence are eligible for replacement.   

The last row of Table 1 shows that of the total fleet of 720, 235 buses have “zero” 

year RL (33%), needing immediate replacement.  The Weighted Average Remaining Life 

(WARL) of this fleet, computed as the weighted average of the entire matrix is 2.68 years 

[(122*1+44*2…+78*6+78*7)/720]. Possible range of the WARL is between zero years 

(all old buses) and seven years (all new buses).  Smaller WARL’s would be indicative of 

older fleet and vice-versa. 

 The annual budget set aside by MDOT for bus rebuilding options, along with 

details of three levels of rebuilding (i.e., REHAB1, REHAB2, and REMANF) and REPL 

is shown in Table 2. MDOT estimated an available annual budget of $5.79 million for the 

base year 2002, while the capital needed to replace all the 235 buses is $19.17 million @ 

$81,540 per bus.  Hence an optimum combination of new and rebuilt buses must be 

found, that requires an estimate of the maximum investment (Cmax) that can be justified 

for the three improvement options REHAB1, REHAB2, and REMANF. The procedure 

for estimating Cmax values for each improvement option, and the corresponding period 

of extended life were developed by Khasnabis and Naseer in an earlier study.  The 

desired Cmax values are shown as unit costs in Table 2 (Khasnabis and Naseer 2000). 

The Microsoft Excel Solver Program was used for the Two-stage model (Solver 1999) as 

discussed below. The number of years of extended life for improvement option REHAB1, 

REHAB2, REMANF, and REPL are 2,3,4,7 years respectively (shown in parenthesis 
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under “improvement options and costs” in Table 2). The Premium Solver Platform 

program was used to solve the Single-stage model (PSP 2006; PSP 2007). 

 

Two-stage Model Results 

The summary of the Two-stage model results is shown in Table 3 and is fully explained 

in the literature (Khasnabis et al. 2004). Essentially, it is a process of annual allocation of 

resources among the four improvement options and 93 agencies following the LP model 

reported in the literature (Khasnabis et al. 2004). For example, in the year 2002 the need 

for replacing of 235 buses is met by allocating 107 buses to REHAB1 (needing action in 

2004), and 128 buses to REMANF (needing replacement in 2006). The amount 

committed is $5.789 million for a TWARL of 376.72 years. Similar procedures are used 

each year that result in a surplus in the year 2005. Two special cases need to be 

considered in the years 2006 and 2008, because of the policy constraints that buses 

rehabilitated two times and remanufactured once, must be replaced next time (Note: these 

constraints that were treated manually in the Two-stage model, were incorporated as a 

part of the Single-stage model through expression 7 and 8). Table 3 shows that because of 

the need to replace a larger number of buses in 2006 and 2008, significant deficits were 

incurred. 

 In addition to the summary of the results, a demonstration of resource allocation 

among a number of sample agencies for a typical year of 2002 is presented in Table 4. 

Application of the Two-stage model for the year 2002 resulted in a combination of 107 

REHAB1 buses for two years of extended life, and 128 REMANF buses for four years of 

extended life with no new buses purchased in stage I for a total investment of $5.786 
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million (stage-1 output) (Ref: Row 1 of Table 3, approximated as $5.789 million).  Small 

discrepancies in the total amount committed by the Two-stage model (e.g., $5.789 

million in Row 1 of Table 3 versus $5.786 million in the last row of Table 4) are the 

result of approximations caused by non-integer solution in the LP model. The Single-

stage IP model presented in this paper ensures integer solutions, and automatically 

removes such discrepancies / approximations.  

Table 4 shows that the total number of buses with two years of RL has increased 

by 107 from 44 (Table 1) to 151 (Table 4) and those with four years of RL have increased 

by 128 from 63 to 191.  Similarly, the number of buses with “0” years of RL has been 

reduced from 235 in Table 1 to zero in Table 4 as expected.  The total fleet size remains 

unchanged between Tables 1 and 4.  Note that the allocation of the buses among the 93 

agencies is made in such a manner that the grand total of the weighted lives of all 

agencies, TWARL, i.e. i
i

WARL∑ , is maximized to 376.72 years (Table 4), compared to 

the value of 225.23 years prior to the assignment (Table 1).   

 

Single Stage Model Results 

The Single-stage model results are presented in Table 5 for each year. Table 5 shows that 

in the year 2002, the need for replacing 235 vehicles is met by allocating 18 new buses 

(needing action in 2009), 36 REMANF buses (needing replacement in 2006), 180 

REHAB1 buses (needing action in 2004) and one REHAB2 bus (needing action in 2005) 

at the available budget of $5.789 million, for a TWARL of 409.07 years with a surplus of 

$1,260. Similarly, allocations are made for each succeeding years 2003-2005 and for the 

years 2007 and 2009, with a surplus of $3.243 million in 2005 as shown in Table 5. The 
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model cannot produce feasible solutions in 2006 and in 2008, as the budget is exceeded 

in these years because of the need to replace a large number of buses due to the policy 

constraints. This is explained below.  

2006  is a crucial year in the seven-year life cycle, because of the need to replace 212 

buses, including 36 buses remanufactured (REMANF) in 2002 and 103 buses 

rehabilitated (REHAB1) in 2002 and 2004, and an additional 73 vehicles maturing to “0” 

years RL. Of these, 139 vehicles needed mandatory replacement because of policy 

constraints. The available budget of $6.75 million is not enough to meet the mandatory 

need. Since the model can not yield feasible solutions, allocation is made manually. The 

manual allocation includes the mandatory replacement of 139 vehicles, with the 

remaining 73 vehicles recommended for REHAB2 (to need action in 2009), for a total 

investment need of $15.3 million.  A cost saving option would have been to recommend 

73 vehicles for REHAB1 (to need action in 2008). This option was not pursued as it 

would reduce the RL value. With an available budget of $6.75 million, a deficit of $8.55 

million is incurred in the year 2006. 

2008 is another crucial year in the seven year life cycle because of a total of 173 

vehicles needing action. As in 2006, the allocation is conducted manually, including 95 

vehicles to be replaced (REPL) needing action in 2015, and 78 vehicles to be 

rehabilitated (REHAB2), needing action in 2011, for a total budgetary need of $12.16 

million resulting in a TWARL of 317.89 years.  Against an available budget of $5.85 

million, a net deficit of $6.31 million is incurred in 2008. 

Note, in the Single-stage model an automatic ‘tracking’ of the vehicles that need 

to be replaced because of the policy constraints is maintained. Subject to the availability 
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of funds, the model would have been able to allocate resources. However, when sufficient 

fund is not available in a year, constraint (3) cannot be satisfied and hence optimization is 

not possible (for example year 2006 and 2008). For the purpose of comparison with the 

earlier Two-stage model (Khasnabis et al. 2004), a manual allocation is attempted only 

for those years. Note that the Two-stage model also adopted manual allocation during 

these years. 

A demonstration of resource allocation among the competing transit agencies for 

a typical year (2002) is presented in Table 6. The numbers of buses to be designated 

under the four improvement options, namely REPL, REHAB1, REHAB2, and REMANF 

for the 93 agencies are represented as X1, X2, X3 and X4 respectively in Table 6. Only a 

fraction of the assignment is shown in Table 6 for brevity. For instance, the first row of 

the Table 6 shows that one bus has been assigned to the X4 category (REMANF) for a RL 

of four years. The total fleet size of the first agency is three. The other two vehicles of 

that agency have a remaining life seven years (each), and require no action. Therefore, 

the cost of this option is 1 x $30,320=$30, 320. The WARL for agency 1 is (1x4 

+2x7)/(1+2)=6.0. Similarly, the improvement option assignment and cost implication for 

a number of sample agencies are shown in the Table 6. The last row of Table 6 shows the 

sum totals for REPL, REHAB1, REHAB2, and REMANF are 18, 180, 1, and 36 

respectively. The total cost of this option is $5,787,740, which is $1,260 less than the 

budget of $5,789,000. Table 6 shows the final objective function value (TWARL, i.e. 

i
i

WARL∑ ) as 409.07. The last row of the Table 6 also shows the distribution of the total 

remaining life of all the agencies.  
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Synthesis of Two Approaches 

For the year 2002, the Two-stage model results in a recommended investment of 107 

vehicles to be rehabilitated for an extended life of two years and 128 vehicles to be 

remanufactured for an extended life of four years for a total investment of $5,785,560.  

The Single-stage model results in a recommended investment of 18 new vehicles, and 

180 and one rehabilitated vehicles for extended lives of two and three years respectively, 

and 36 remanufactured vehicles for an extended life of four years, for a total investment 

of $5,787,740. The distribution of funds among the 93 agencies by the two methods, are 

already presented in Tables 4 and 6.  The TWARL values derived by the Two-stage 

model and Single-stage model are 376.72 and 409.07 years respectively.  

 For long range planning, Table 3 shows that the Two-stage model resulted in 

TSWARL of 2874.51 years for the planning horizon. The total amount committed is a 

$65.05 millions against available budget is $52.89 millions, resulting in a deficit of 

$12.16 millions. For the Single-stage model, a TSWARL value of 2895.34 years (Table 

5) was attained requiring a commitment of $64.64 millions against the same budget of 

$52.89 millions, resulting in a deficit of $11.75 millions. In both cases, deficits are 

unavoidable, because of the policy constraints dictating manual solutions in 2006 and in 

2008. 

Note that in the Two-stage model, vehicles needing replacement in a given year 

because of policy constraints or natural aging must be tracked manually. This tracking is 

automated in the Single-stage model. A manual allocation is needed for both cases as the 

model cannot produce a feasible solution because of the budget constraint. 
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 A comparative summary of the results of the two models is presented in Table 7 

that reaffirms that the Single-stage model resulted in a higher TSWARL value (2895.34 

years versus 2874.51 years) requiring lower budgetary commitment. Even though the 

improvement in the TSWARL-value is only marginal, attained at a nominal savings, the 

authors feel that the Single-stage model is conceptually more robust, as it accomplishes 

the allocation of funds among the four improvement options, and among the constituent 

agencies in one single step.  

 Table 7 shows higher TWARL values (the object of optimization) are attained by 

the Single-stage model during the years 2002-2005, and in 2009.  The TWARL value(s) 

are virtually the same in 2006, and are lower in 2007 and 2008, compared to the Two-

stage model. Recall that in 2006 and in 2008 assignments were manually accomplished 

for both the models, and as such the TWARL values for these two years do not reflect the 

performance of the optimization models. The data for 2007, being ‘caught’ between the 

two ‘non-model’ years 2006 and 2008, may not necessarily reflect the performance of the 

models either. Thus, virtually for all the years in the planning horizon (when optimization 

was feasible), the Single-stage model attained higher TWARL values.  

A comment about the assumption of “carryover of surplus” funds and deficit 

financing (when optimum solution is not feasible) is in order. The viability of these 

assumptions is likely to vary from agency to agency within a state, and also from state to 

state. Discussions with transit officials indicate that surpluses and deficits are generally 

discouraged. However, when permissible, it is not uncommon to ‘shift’ capital funds 

from fleet management to other capital needs (such as facilities, stops, stations, etc), and 
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to reverse the process within a prescribed period to balance out such money transfers over 

the long run.  

 

CONCLUSION 

The model presented in the paper is the result of continuing research on this topic of 

resource allocation among different fleet life improvement options such as rehabilitation, 

remanufacturing, or replacement among a number of constituent agencies in an equitable 

manner. The premise of this research is that a Single-stage model encompassing two 

dimensions (improvement option and agencies) is likely to be more robust than its Two-

stage predecessor (each stage representing improvement options and agencies in a single 

dimension). The case study presented appears to support the validity of this premise. The 

authors also feel that the Single-stage model is structurally more sound because of its 

ability to bypass the process of resource allocation among the improvement options as an 

intermediate step. Simultaneous allocation of resources among improvement options and 

among constituent agencies in a single step is also conceptually more appealing. The fact 

that virtually in all the years where optimization is feasible, higher TWARL-values (the 

object of optimization) were attained, clearly attests to this premise. 

 The major contribution of this study is the development of a unified methodology 

for resource allocation among different improvement options and different agencies in a 

single step. This study demonstrated that an optimum strategy for multiple years for fleet 

replacement can be developed for a state DOT, given annual budgets. The original Two-

stage LP model has its own merit in terms of simplicity and computational efficiency. 
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The proposed Single-stage IP model, although more complex, is considered more robust, 

even though the results show only marginal improvements.  

In demonstrating the model application, the authors chose a seven-year analysis 

period, primarily to obtain results that are comparable to those of the Two-stage LP 

model ( a seven year period coinciding with the MNSL of the medium sized bus). The 

length of the analysis period, the authors feel, is an open research question that needs to 

be pursued. Future research should explore a more universal model to accommodate any 

planning horizon that can be applied for a specific analysis period (e.g., 10 years, 15 

years or more) at the discretion of the user. Longer analysis periods, will however, 

require additional budgetary and other data such as: changes in fleet technology resulting 

in different MNSL, different concepts of REHAB and REMANF etc. These changes may 

make the model more complex, both analytically, and computationally. 

The approach presented in this paper can be looked upon as a Two-dimensional 

model, (improvement options and agencies), where allocation are made annually. The 

study could be extended to address the multiple year problems into a single framework 

comprising three dimensions (i.e., improvement options, agencies and years) with the 

objective of allocating resources among improvement options and agencies over a n-year 

planning horizon.  
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TABLE 1.  2002 Distribution of RL for a Number of Sample Agencies for Medium -
sized Buses Before Allocation Of Resources 

 

Agency Distribution of Remaining Life Fleet 
Size 

EWARLi 
(years) 0 1 2 3 4 5 6 7 

1 1 0 0 0 0 0 0 2 3 4.67 
2 1 0 0 0 0 0 0 0 1 0.00 
3 1 0 0 0 0 0 0 0 1 0.00 

. . . . . . . . . . . 

. . . . . . . . . . . 

. . . . . . . . . . . 
90 0 4 2 0 1 0 6 6 19 4.74 
91 0 1 0 0 0 0 1 0 2 3.50 
92 2 1 0 0 1 1 0 3 8 3.88 
93 2 0 0 0 1 3 1 0 7 3.57 

Total 235 122 44 23 63 77 78 78 720 225.23 
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TABLE 2. Available Budgets and Cost of Improvement Options  
 

Year Budget 
($) 

Improvement Options and Costs 
REPL  

(7 Years) 
Unit Cost ($) 

REHAB1 
(2 Years) 

Unit Cost ($) 

REHAB2 
(3 Years) 

Unit Cost ($) 

REMANF 
(4 Years) 

Unit Cost ($) 
2002 5,789,000 81,540 17,800 24,500 30,320 
2003 9,130,000 81,540 17,800 24,500 30,320 
2004 6,690,000 88,063 19,220 26,400 32,750 
2005 5,200,000 88,063 19,220 26,400 32,750 
2006 6,750,000 95,108 20,740 28,500 35,370 
2007 6,600,000 95,108 20,740 28,500 35,370 
2008 5,850,000 102,720 22,400 30,780 38,200 
2009 6,880,000 102,720 22,400 30,780 38,200 
Total 52,889,000     
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 TABLE 3.  Resource Allocation for Multiple Years for Case Study: Two-stage Model 
 

Year 

Assigned Fleet Size Total 
Assigned 
Fleet Size 

After 
Allocation 

Max 
Weighted 
Fleet Life 
(Stage I 
Output) 

TWARL 
(years) 

(Stage II 
Output) 

 

Available 
Budget ($) 

 

Amount 
Committed 

($) 

Surplus 
($) REPL      

(7 Years) 
REHAB1   
(2 Years) 

REHAB2   
(3 Years) 

REMANF   
(4 Years) 

2002 0 106.73 0 128.28 235 3.092 376.72 5,789,000 5,789,000 0 
2003 106.03 0 0 15.96 122 6.607 358.53 9,130,000 9,130,000 0 
2004 31.54 0 0 119.46 151 4.627 307.83 6,690,000 6,690,000 0 
2005 23 0 0 0 23 7.000 230.71 5,200,000 2,025,449 3,174,551 
2006* 128 0 63 0 191 5.681 435.58 6,750,000 13,969,324 -7,219,324 
2007 55.41 0 0 37.58 93 5.788 403.66 6,600,000 6,600,000 0 
2008* 119 78 0 0 197 5.020 392.84 5,850,000 13,970,880 -8,120,880 
2009 23.15 0 0 117.85 141 4.493 368.64 6,880,000 6,880,000 0 
Total 486.14 184.73 63 419.13 1153 42.307 2874.51# 52,889,000 65,054,653 -12,165,653 
 
Note: Source: (Khasnabis et al. 2004). *: Manual allocation, as optimization is not feasible. #: TSWARL = 2874.51 years 
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TABLE 4.   2002 Distribution of RL for a Number of Sample Agencies for Medium-
sized Buses after Allocation of Resources by the Two-stage Model 
 

Agency 
Distribution of Remaining Life

Fleet 
Size 

WARLi 
(years) 

Options 
Total 
Nos. 

Cost 
($) 0 1 2 3 4 5 6 7 X2 

(2 yrs) 
X4     

(4 yrs) 
1 0 0 0 0 1 0 0 2 3 6 0 1 1 30320 
2 0 0 0 0 1 0 0 0 1 4 0 1 1 30320 
3 0 0 0 0 1 0 0 0 1 4 0 1 1 30320 
. . . . . . . . . . . . . . . 
. . . . . . . . . . . . . . . 
. . . . . . . . . . . . . . . 
91 0 1 0 0 0 0 1 0 2 3.5 0 0 0 0 
92 0 1 0 0 3 1 0 3 8 4.87 0 2 2 60640 
93 0 0 0 0 3 3 1 0 7 4.71 0 2 2 60640 
Total 0 122 151 23 191 77 78 78 720 376.72* 107 128 235 5,785,560
Note: *: TWARL=376.72 years 
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TABLE 5. Summary of Distribution of RL and Fleet Size after Resource Allocation over the Planning Horizon: Single-stage 
Model 

 

Year 
Assigned Fleet Size Total 

Number 
of Buses 

Max.   
TWARL 

Available 
Budget 

($) 

Amount 
Committed 

($) 

Surplus 
($) REPL       

(7 Years) 
REHAB1    
(2 Years) 

REHAB2    
(3 Years) 

REMANF   
(4 Years) 

2002 18 180 1 36 235 409.07 5,789,000 5,787,740 1,260 
2003 106 0 0 16 122 390.87 9,130,000 9,127,100 2,900 
2004 16 113 0 95 224 363.04 6,690,000 6,687,100 2,900 
2005 24 0 0 0 24 287.20 5,200,000 1,956,178 3,243,822 
2006* 139 0 73 0 212 434.23 6,750,000 15,300,512 -8,550,512 
2007 56 2 1 34 93 318.13 6,600,000 6,598,608 1,392 
2008* 95 0 78 0 173 317.89 5,850,000 12,157,848 -6,307,848 
2009 33 112 2 24 171 374.92 6,880,000 6,876,920 3,080 
Total 487 407 155 205 1254 2895.34# 52,889,000 64,492,006 -11,603,006 
 
Note: *: Manual allocation, as optimization is not feasible.  #: TSWARL = 2895.34 years 
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TABLE  6. 2002 Distribution of RL for a Number of Sample Agencies for Medium-
sized Buses after Allocation of Resources by the Single-stage Model 
 

Agency 

Distribution of remaining life 
(years) Fleet 

Size
WARLi 
(years) 

Options Total 
Nos.

Cost 
($) 0 1 2 3 4 5 6 7 X1 

(7yrs)
X2 

(2yrs)
X3 

(3yrs) 
X4 

(4yrs)
1 0 0 0 0 1 0 0 2 3 6.00 0 0 0 1 1 30320 
2 0 0 0 0 0 0 0 1 1 7.00 1 0 0 0 1 81540 
3 0 0 0 0 0 0 0 1 1 7.00 1 0 0 0 1 81540 
.. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. 
.. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. 
.. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. 
91 0 1 0 0 0 0 1 0 2 3.50 0 0 0 0 0 0 
92 0 1 2 0 1 1 0 3 8 4.38 0 2 0 0 2 35600 
93 0 0 2 0 1 3 1 0 7 4.14 0 2 0 0 2 35600 

Total 0 122 224 24 99 77 78 96 720 409.07* 18 180 1 36 235 5,787,740
Note: *:  TWARL=409.07 years 
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TABLE 7. Comparison of Output of the Two Models 
 

Year Available 
Budget 

Amount Committed ($) TWARL 

Two-stage 
Model 

Single-
stage 

Model 

Two-
stage 

Model 

Single-
stage 

Model 
2002 5,789,000 5,789,000 5,787,740 376.72 409.07 
2003 9,130,000 9,130,000 9,127,100 358.53 390.87 
2004 6,690,000 6,690,000 6,687,100 307.83 363.04 
2005 5,200,000 2,025,449 1,956,178 230.71 287.2 
2006* 6,750,000 13,969,324 15,300,512 435.58 434.23 
2007 6,600,000 6,600,000 6,598,608 403.66 318.13 
2008* 5,850,000 13,970,880 12,157,848 392.84 317.89 
2009 6,880,000 6,880,000 6,876,920 368.64 374.92 
Total 52,889,000 65,054,653 64,492,006 2874.51# 2895.34#
Note: *: Manual allocation, as optimization is not feasible. #: TSWARL= 2895.34 years 
(Single-stage model) and 2874.51 years (Two-stage model) 
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