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Lecture-21: Discrete Choice 

Modeling-II



In Today’s Class
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 Review 

 Examples of maximum likelihood estimation

 Various model specifications

 Software demonstration

 Other variants of discrete choice models



Review: Log-likelihood function
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Spreadsheet Example-1
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Spreadsheet Example-2
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Spreadsheet Example-3
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Estimation Results Goodness-of-fit
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 Number of parameters: The number K of estimated 
parameters

 Number of observations:  The number N of 
observations actually used for the estimation.

 Null log likelihood: the value L(0) of the log 
likelihood function when all the parameters are zero.

 Constant log likelihood:  the value L(c) of the log 
likelihood function when only an alternative-specific 
constant is included



Estimation Results Goodness-of-fit
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 Final log likelihood: the value of the log likelihood 
function at its maximum, L(β_hat).

 Likelihood ratio:  test statistic used to test the null 
hypothesis that all the parameters are zero, and 
 is defined as −2(L(0) − L(^β)).

 asymptotically distributed as χ2 with K degrees of freedom

 Rho-square:  Denoted by ρ2, it is an informal 
goodness-of-fit index that measures the fraction of 
an initial log likelihood value explained by the 
model. 
 It is defined as 1 − (L(^β)/L(0)).



Estimation Results Goodness-of-fit
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 Adjusted rho-square: Denoted ¯ρ2, it is another 
informal goodness-of-fit measure that is similar to ρ2 but 
corrected for the number of parameters estimated. 
 this measure is defined as ¯ρ2 = 1 − (L(^β) − K)/L(0).

 Value:  Estimated value bβk.

 Std. Err.:  Estimated standard error.

 t-test:  Ratio between the estimated value of the 
parameter and the estimated standard error.

 p-value: Probability of obtaining a t-test at least as large 
at the one reported, given that the true value of the 
parameter is 0.



Estimation Results Goodness-of-fit
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 Let us take the same example of choice of mode 
between auto and transit



Standard Representation of Results
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 Binary logit



Mode choice in the Netherlands, Revisited
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 Binary probit



Mode choice in the Netherlands, Revisited
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 Binary logit



Software Demonstration: Biogeme
14

 You can use any software you like

 GUI biogeme



Example Data File
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Example Model File
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Example Results
17



Specification Testing
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 Model-1: Generic Attributes

 Model-2: Alternative Specific Attributes

 Model-3: Attributes and Characteristics



Model-1: Generic Attributes
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 Model form: 

 Results: 



Model-2: Alternate Specific Attributes
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 Model form: 

 Results: 



Model-2: Attributes and Characteristics
21

 Model form: 

 Results: 



Comparison between Generic and Alternate Specific
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 where G and AS denote the generic and alternative-
specific models, respectively. 

 It is chi-square distributed with the number of degrees of 
freedom equal to the number of restrictions (KAS − KG). 
In this case, −2(−123.133 + 118.023) = 10.220. Since 2 
0.95,1 = 3.841 at a 95% level of confidence, 

 we can conclude that the model with the alternative-
specific coefficients has a significant improvement in fit.



Choice with Multiple Alternatives
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 Corresponding logit model is known as multinomial 
logit model

 Probability: 

 Bound

 Sum



Netherland Mode Choice Case
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 Model

 Results



Interpretation
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 Alternate specific constants: 

 The estimated values for the alternative specific constants 
ASCcarand ASCSM show that, all the rest remaining constant, 
there is a preference in the choice of car and Swissmetro
with respect to train.

 Moreover, the higher value of ASCSM shows a greater 
preference for Swissmetro compared to car.



Interpretation
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 Generic Coefficients: 

 The higher the travel time or the cost of an alternative, the 
lower the related utility.

 The negative estimate of the headway coefficient 
beta-he indicates that the higher the headway, the 
lower the frequency of service, and thus the lower 
the utility.



MNL Model-Alternate Specific Attributes
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 Model 

 Results



Interpretation
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 Alternate Specific Constants: 

 In this model, the ASC’s are negative implying a preference, 
with all the rest constant, for the train alternative. 

 These results are different from those of the previous model 
where ASCcar and ASCSM were positive and significant.

 The larger negative value of ASCcar implies that this 
alternative is more negatively perceived with respect to train 
than the Swissmetro alternative.



Interpretation
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 Alternate Specific Attributes: The influence of the 
cost is different, showing a larger negative impact on 
the train alternative with respect to car and 
Swissmetro.



Generic vs. Alternate Specific Model Comparison
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 To test whether a coefficient should be generic or 
alternative-specific, we use the likelihood ratio test

 The restricted model includes generic travel cost 
coefficients over the three alternatives, and the 
unrestricted model includes alternative-specific 
travel cost coefficients.

 Null hypothesis

 Test statistic: 



Generic vs. Alternate Specific Model Comparison
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 Reject the null hypothesis if 

 For the example case 

−2(−5315.386 + 5068.559) = 493.654 > 5.991

 Reject the null hypothesis and conclude the travel 
cost coefficient should be alternative-specific



Model Specification with Characteristics
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 Model

 Results



Interpretation
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 Interpretation (SENIOR)

 The negative sign of the age coefficient (referring to SENIOR 
dummy variable) reflects a preference of older individuals for 
the train alternative

 It seems a reasonable conclusion, dictated  probably by 
safety reasons with respect to the car choice and a kind of 
“inertia” with respect to the modal innovation represented 
by the Swissmetro alternative.



Interpretation
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 Interpretation (GA)

 The coefficient related to the ownership of the Swiss annual 
season ticket (GA) is positive, as expected. It reflects a 
preference for the SM and train alternative with respect to car, 
given that the traveler possesses a season ticket.

 ASCs: The interpretation of the alternative specific 
constants is similar to that of the previous model 
specification.



Generalized Extreme Value (GEV) Models
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 MNL has IIA properties

 Remember the blue bus and red bus paradox

 Alternatives

 Nested Logit

 Cross Nested Logit



NL Model Example
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 Structure

 Model



NL Model Results
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Interpretation
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 ASC: 

 The alternative specific constants show a preference for the 
Swissmetro al-ternative compared to the other modes, all the 
rest remaining constant.



Cross Nested Logit Model
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 Structure: 



Results
40



Typical Steps for Choice Models
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