
1

Lecture-19: Modeling Count Data II



In Today’s Class
2

 Recap of Count data models

 Truncated count data models

 Zero-inflated models

 Panel count data models

 R-implementation



Count Data
3

In many a phenomena the regressand is of the count 
type, such as:

 The number of patents received by a firm in a year

 The number of visits to a dentist in a year

 The number of speeding tickets received in a year

The underlying variable is discrete, taking only a finite 
non-negative number of values.

 In many cases the count is 0 for several observations

 Each count example is measured over a certain finite time 
period.



Models for Count Data
4

 Poisson Probability Distribution: Regression models based on 

this probability distribution are known as Poisson Regression 

Models (PRM).

 Negative Binomial Probability Distribution: An alternative to 

PRM is the Negative Binomial Regression Model (NBRM), used 

to remedy some of the deficiencies of the PRM.



Poisson Regression Models (1)
5

 If a discrete random variable Y follows the Poisson distribution, 

its probability density function (PDF) is given by:

where f(Y|yi) denotes the probability that the discrete random 

variable Y takes non-negative integer value yi,

and λ is the parameter of the Poisson distribution.
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Poisson Regression Models (2)
6

 Equidispersion: A unique feature of the Poisson distribution is 

that the mean and the variance of a Poisson-distributed variable 

are the same

If variance > mean, there is overdispersion



Poisson Regression Models (3)
7

The Poisson regression model can be written as:

 where the ys are independently distributed as Poisson 
random variables with mean λ for each individual expressed 
as:



 i = E(yi|Xi) = exp[B1 + B2X2i + … + BkXki] = exp(BX)

Taking the exponential of BX will guarantee that the mean 
value of the count variable, λ, will be positive.

For estimation purposes, the model, estimated by ML, can 
be written as:
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Solution
8

 Apply maximum likelihood approach

 Log of likelihood function



Safety Example (1)
9



Safety Example (2)
10

 Mathematical expression



Elasticity
11



Limitations
12

 Poisson regression is a powerful tool

 But like any other model has limitations

 Three common analysis errors

 Failure to recognize equidispersion

 Failure to recognize if the data is truncated

 If the data contains preponderance of zeros



Equidispersion Test (1)
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Equidispersion can be tested as follows: 

 1. Estimate Poisson regression model and obtain the 
predicted value of Y.

 2. Subtract the predicted value from the actual value of Y to 
obtain the residuals, ei.

 3. Square the residuals, and subtract from them from actual 
Y.

 4. Regress the result from (3) on the predicted value of Y
squared.

 5. If the slope coefficient in this regression is statistically 
significant, reject the assumption of equidispersion. 



Equidispersion Test (2)
14

6. If the regression coefficient in (5) is positive and 

statistically significant, there is overdispersion.  If it is 

negative, there is under-dispersion. In any case, reject 

the Poisson model.  However, if this coefficient is 

statistically insignificant, you need not reject the PRM.

Can correct standard errors by the method of quasi-

maximum likelihood estimation (QMLE) or by the 

method of generalized linear model (GLM).



Overdispersion
15

 Observed variance >  Theoretical variance 

 The variation in the data is beyond Poisson model prediction

Var(Y)= μ+ α ∗ f(μ),    (α: dispersion parameter)

 α = 0, indicates standard dispersion   (Poisson Model)

 α > 0,  indicates over-dispersion         (Reality, Neg-Binomial)

 α < 0, indicates under-dispersion        (Not common)



Negative Binomial vs. Poisson
16

Many zeroes      Small mean      Small count numbers                             Poisson Regression

Many zeroes      Small mean      more variability in count numbers          NB Regression



Negative Binomial Regression Model
17





NB Probability Distribution
18

 One formulation of the negative binomial 

distribution can be used to model count data with 

over-dispersion



Negative Binomial Regression Models
19

 For the Negative Binomial Probability Distribution, we have:

where σ2 is the variance, μ is the mean and r is a parameter of 

the model.

 Variance is always larger than the mean, in contrast to the 

Poisson PDF.

 The NBPD is thus more suitable to count data than the PPD.

 As r ∞ and p (the probability of success)  1, the NBPD 

approaches the Poisson PDF, assuming mean μ stays constant.
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NB of the Safety Example
20



Truncated Count Data Model (1)
21

 Truncation of data can occur in the routine collection 
of transportation data.

 Truncation arises as a consequence of discarding 
what appear to be unusable data, such as the zero 
values in survey data

 (Example of a zoo-visit): When one is interested in 
visitation by the entire population, which will 
naturally include zero visits, but one draws their 
sample “on-site,” the distribution of visits is 
truncated at zero by construction. 

 Every visitor has visited at least once.



Truncated Count Data Model (2)
22

 Example-2

 For example, if the number of times per week an in-
vehicle navigation system is used on the morning 
commute to work, during weekdays, the data are 
right truncated at 5, which is the maximum number 
of uses in any given week.

 We are interested to know what triggers a traveler to 
use the navigation system (not interested in the 
usual suspects)



Truncated Count Data Model (3)
23

 Truncation will also arise when data are trimmed to 
remove what appear to be unusual values

 Figure below displays a histogram for the number of 
doctor visits in the 1988



Truncated Count Data Model (4)
24

 There is a suspiciously large spike at zero and an 
extremely long right tail of what might seem to be 
atypical observations.

 For modeling purposes, it might be tempting to 
remove these “non-Poisson” appearing observations 
in these tails. (Other models might be a better 
solution.) 

 The distribution that characterizes what remains in 
the sample is a truncated distribution. 

 Truncation is not innocent. 



Truncated Count Data Model (5)
25

 If the entire population is of interest, then 
conventional statistical inference (such as 
estimation) on the truncated sample produces a 
systematic bias known as (of course) “truncation 
bias.” 

 This would arise, for example, if an ordinary Poisson 
model intended to characterize the full population is 
fit to the sample from a truncated population.

 However, it is also possible to reconstruct the 
estimators specifically to account for the truncation 
or censoring in the data



Truncated Count Data Model (6)
26

 Truncation and censoring produce similar effects on 
the distribution of the random variable and on the 
features of the population such as the mean. 

 For the truncation case, 

 suppose that the original random variable has a Poisson 
distribution—

 all these results can be directly extended to the negative 
binomial or any of the other models considered earlier—with



Truncated Count Data Model – Formulation (1)

27

 The truncated probability can be given as 

 If the distribution is truncated at value C—that is, 
only values C +1, . . . are observed— then the 
resulting random variable has probability 
distribution



Truncated Count Data Model – Formulation (2)

28

 Estimating a Poisson regression model without 
accounting for this truncation will result in biased 
estimates of the parameter vector and erroneous 
inferences will be made

 Fortunately, the Poisson model is adapted easily to 
account for such truncation. The right-truncated Poisson 
model is written as

 r is the right truncation

 Similarly we can do for left truncation



Truncated Model-Example (1)
29

 Let us consider “Major Derogatory Reports” (MDRs). 

 In the sample of 13,444 individuals, 10,833 had zero 
MDRs while the values for the remaining 2,561 
ranged from 1 to 22. 

 This preponderance of zeros exceeds by far what one 
would anticipate in a Poisson model that was 
dispersed enough to produce the distribution of 
remaining individuals. 



Truncated Model-Example (2)
30

 As we will see in the Example,a natural approach for 
these data is to treat the extremely large block of 
zeros explicitly in an extended model. 

 For present purposes, we will consider the nonzero 
observations apart from the zeros and examine the 
effect of accounting for left truncation at zero on the 
estimated models.



Example-Truncated Count Model
31



Example Right Truncated Count Model
32



Zero Inflated PRM and NBRM (1)
33

 There are certain phenomena where an observation of 
zero events during the observation period can arise from 
two qualitatively different conditions

 Example-1: A transportation survey asks how many times 
a commuter has taken mass transit to work during the 
past week. An observed zero could arise in two distinct 
ways. 
 First, last week the commuter may have opted to take the van pool 

instead of mass transit. 

 Alternatively, the commuter may never take transit, as a result of 
other commitments on the way to and from the place of employment. 

 Thus two states are present, one a normal count-process state and 
the other a zero-count state.



Zero Inflated PRM and NBRM (2)
34

 Example-2: Consider vehicle accidents occurring per 
year on 1-km sections of highway. 
 For straight sections of roadway with wide lanes, low traffic volumes, 

and no roadside objects, the likelihood of a vehicle accident 
occurring may be extremely small, but still present because an 
extreme human error could cause an accident. 

 These sections may be considered in a zero-accident state because 
the likelihood of an accident is so small (perhaps the expectation 
would be that a reported accident would occur once in a 100-year 
period). 

 Thus, the zero-count state may refer to situations where the 
likelihood of an event occurring is extremely rare in comparison to 
the normal-count state where event occurrence is inevitable and 
follows some known count process



Zero Inflated PRM and NBRM (3)
35

 Two aspects of this non qualitative distinction of the 
zero state are noteworthy. 

 First, there is a preponderance of zeros in the data — more 
than would be expected under a Poisson process. 

 Second, a sampling unit is not required to be in the zero or 
near zero state into perpetuity, and can move from the zero or 
near zero state to the normal-count state with positive 
probability. 

 Thus, the zero or near zero state reflects one of negligible 
probability compared to the normal state.



Zero Inflated PRM and NBRM (4)
36

 Data obtained from two-state regimes (normal-count 
and zero-count states) often suffer from 
overdispersion if considered as part of a single, 
normal-count state because the number of zeros is 
inflated by the zero-count state.

 Example applications in transportation are found in 
Miaou (1994) and Shankar et al. (1997).



Zero Inflated PRM and NBRM (5)
37

 To address phenomena with zero-inflated counting 
processes, the zeroinflated Poisson (ZIP) and zero-
inflated negative binomial (ZINB) regression models 
have been developed. 



Zero Inflated PRM
38

 The ZIP model assumes that the events, Y = (y1, 
y2,…yn), are independent and the model is

 where y is the number of events per period. Maximum 
likelihood estimates are used to estimate the parameters 
of a ZIP regression model and confidence intervals are 
constructed by likelihood ratio tests.



Zero Inflated NBRM (1)
39

 The ZINB regression model follows a similar 
formulation with events, Y = (y1, y2,…, yn), 
independent and



Zero Inflated Model Characteristics
40

 Zero-inflated models imply that the underlying data-
generating process has a splitting regime that provides 
for two types of zeros. 

 The splitting process is assumed to follow a logit
(logistic) or probit (normal) probability process, or other 
probability processes. 

 A point to remember is that there must be underlying 
justification to believe the splitting process exists 
(resulting in two distinct states) prior to fitting this type 
of statistical model. 

 There should be a basis for believing that part of the 
process is in a zero-count state.



Voung’s Test for Zero Inflation
41

 To test the appropriateness of using a zero-inflated 
model rather than a traditional model, Vuong (1989) 
proposed a test statistic for non-nested models that 
is well suited for situations where the distributions 
(Poisson or negative binomial) are specified. The 
statistic is calculated as (for each observation i),



Voung’s Test for Zero Inflation
42

 Compute the ratio of probability distribution of two 
stages of the count models

 f1(yi/Xi) is the pdf of model-1 (say zero-inflated)

 f2(yi/Xi) is the pdf of model-s (say conventional 
count model)



Voung’s Test for Zero Inflation
43

 Using Voung’s statistics it is possible to examine the 
selection of model-1 versus model-2

 Voung’s statistics can be given as 

Standard 
deviation

Sample size



Model Selection (1)
44

 Voung’s statistics is asymptotically standard normal 
distributed (to be compared with z-values). 

 If abs(V) is less than Vcritical (1.96 for a 95% 
confidence level)

 Then model-1 is not preferred over the model-2 
(result is inconclusive)

 Large positive value of V greater than Vcritical then 
selection of model-1 is preferred over model-2. 

 Large negative values suggests model-2 is preferred 
over model-1. 



Model Selection (2)
45

 Example: Let f1(.) be the density function of ZINB, 
and f2(.) be the density function of NB

 Taking a 95% level of confidence if V>1.96 then 
ZINB is preferred

 If V<-1.96 then NB is supported

 Values in between would mean that the test is 
inconclusive

 Voung’s test is applied in an identical manner in ZIP 
and Poisson models



Model Selection (3)
46

 Because most count data will include excess of zeros, 
it is not quite easy to determine whether  

 excess zeros arise from true overdispersion or

 From an underlying splitting regime

 This could erroneously choose a negative binomial 
model when the correct model is be a ZIP



Decision Between Conventional and Zero Inflated Models

47

 The term p/(1-p) could be erroneously interpreted as 
alpha. 

 For guidance in unraveling this problem see the 
guidelines 



ZIP, and ZINB Example
48

 Source Greene (2007), example 18.11



Implementation in R
49

Poisson Model

glm(Y ~ X, family = poisson)

Negative Binomial Model

glm.nb(Y ~ X)

Zero-Inflated Model

zip(Y ~ X| X1, link = “logit”, dist = “poisson”)

zinb(Y ~ X| X1, link = “logit”, dist = “negbin”)


