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A New Inversion Procedure for Spectral Analysis of Surface Waves

Using a Genetic Algorithm

by Shahram Pezeshk and Morteza Zarrabi

Abstract A new inversion procedure for spectral analysis of surface waves
(SASW) using a genetic algorithm (GA) is presented. The inversion process proposed
in this study starts by running a forward solution for the Rayleigh dispersion equation,
with sets of random inputs, to find the theoretical phase velocities. Then, it continues
by finding new and better sets of inputs through processes that mimic natural mating,
selection, and mutation in each generation. The goal of the GA is to find the best
match between the theoretical and the experimental dispersion curves. Therefore,
with each new generation there is a better agreement between the calculated output
theoretical dispersion curve and the input experimental dispersion curve. To start the
procedure, two options are available, either requesting the GA-based optimization
process to obtain shear-wave velocities and thicknesses for each layer, or providing
the thicknesses and requesting the optimization process to obtain the best set of shear-
wave velocities. The GA part of the procedure is fast, stable, and accurate, with
several advantages compared to the traditional methods. The strength and accuracy
of the proposed procedure are presented through two example problems. We show
that (1) the inversion process using a GA results in a good agreement between the
theoretical and experimental dispersion curves, and (2) the shear-wave velocity pro-
files obtained from the approach presented in this study and a downhole seismic
survey show a good level of agreement.

Introduction

Shear-wave velocity or shear modulus at low strain is
an important input parameter in soil dynamic analyses. For
example, the shear-wave velocity profile is required data for
running computer programs such as SHAKE91 (Idriss and
Sun, 1992) for estimation of the site-dependent seismic am-
plification factor of a site (Cramer et al., 2002; Pezeshk and
Liu, 2001; Borcherdt, 1994; Kramer, 1996; Pezeshk et al.,
1998; Evans and Pezeshk, 1998; Electric Power Research
Institute [EPRI], 1993).

One of the procedures that has gained popularity in re-
cent years in estimating elastic properties and layer thick-
nesses of soil profiles is the spectral analysis of surface
waves (SASW). SASW is a nondestructive soil characteriza-
tion method based on surface-wave propagation. When the
velocity and frequency of a wave are not independent, the
wave is dispersive. This dispersive behavior of the surface
waves in nonuniform materials is used to obtain the shear-
wave velocity profile. Horike (1985), Park et al. (1999), Sa-
toh et al. (1997), Liu et al. (2000), and Louie (2001) are
among investigators who used the dispersive behavior of
surface waves for soil shear-wave velocity profiling. In gen-
eral the SASW procedure consists of measuring the surface-
wave velocity at various frequencies to obtain the dispersion

curve for a given site. Good overviews of the SASW pro-
cedure can be found in Rix et al. (2002), Hebeler (2001),
Matthews et al. (1996), Rix et al. (1991), Gucunski and
Woods (1991), and Nazarian and Stokoe (1986). Brown et
al. (2000) performed an evaluation of the SASW method in
which they concluded that the comparison of the shear-wave
velocity profile from downhole seismic and SASW testing is
“generally good.” Furthermore, comparisons of the SASW
results with crosshole tests by Nazarian and Stokoe (1984,
1986) showed a good level of accuracy of the SASW pro-
cedure. The advantage that the SASW method is independent
of boreholes categorizes it as a noninvasive method. This
makes SASW practically and economically a great tool for
engineers. Also, compared with other noninvasive methods
(e.g., reflection and refraction), it may provide good reso-
lution and more flexibility for near-surface media (Foti,
2000). Recent developments in signal generation and signal
receiving technologies along with the use of advanced com-
puters and software have had positive effects on the devel-
opment of SASW.

The general SASW procedure that has been used by sev-
eral investigators is as follows.

1. Wave generation of a principal vertical ground motion
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Figure 1. A plot of the obtained theoretical dis-
persion curve using the computer program developed
by Rix and Lai (1999).

using either impulsive (hammer) or continuous (shaker)
sources.

2. Measurement of the returned signals by geophones or
accelerometers that have been placed on the ground in a
specific configuration.

3. Recording the received signals by spectrum analyzers,
seismographs, or a computer controlled by a program us-
ing special software.

4. Spectral analysis of the recorded time series data that re-
sults in the development of a dispersion curve; that is, the
curve of variation of phase velocity (Rayleigh-wave ve-
locity) with frequency (or wavelength).

5. Inversion of dispersion curves to estimate the shear-wave
velocity profiles.

The inversion process of the dispersion curve has been
the focus of many studies during the last two decades. He-
beler (2001), Thomson (1950), Haskell (1953), Nazarian
(1984), Horike (1985), Yuan and Nazarian (1993), Spang
(1995), Tokimatsu (1995), Lai and Rix (1998), Park et al.
(1999), and Zywicki (1999) are some of the investigators
who have worked on this inversion technique. Other than
the traditional gradient-based inversion methods, there are
alternative inversion prcedures such as simulated annealing
(Kolar, 2000; Sharma and Kaikkonen, 1998) and genetic
algorithms (GAs).

GAs have recently been used for inversion procedures
by several investigators to identify the Earth’s vertical cross
section structure, such as the recent work by Chang et al.
(2004). They used GAs to model crustal structure in southern
Korea. Boschetti et al. (1997) presented a GA that simulta-
neously generated a large number of different solutions to
several potential field inverse problems. They discussed the
effectiveness and flexibility of the GA method for a range of
different potential field inverse problems, both in 2D and
3D, on synthetic and field data.

The inversion method used in this study is a new ap-
proach to the inversion process using GAs. GAs are optimi-
zation and search techniques that simulate the evolution pro-
cess used by Mother Nature, which is based upon Darwin’s
survival of the fittest idea. The GA process starts by using a
forward method to find a theoretical dispersion curve, and
then it continues by optimizing and fitting the theoretical
dispersion curve to the experimental dispersion curve. When
the best fit between the theoretical and the experimental dis-
persion curves is found, the final result of the optimization
will be a shear-wave velocity profile for the site.

Inversion

Inversion is the last and most important part of utilizing
SASW in estimation of shear-wave velocity profiles. The in-
version process in this study consists of two major steps.
Step 1 is to use forward theory, as opposed to inverse theory,
to find a theoretical dispersion curve. Step 2 is to use a GA
to adjust the theoretical dispersion curve to make it fit to the

experimental dispersion curve and eventually obtain the
shear-wave velocity profile.

The forward problem in this study is to solve the Ray-
leigh dispersion equation (equation 1) for dispersion data or
phase velocities (Lai and Rix, 1998):

F [k(y), G(y), q(y), k , x] � 0 (1)R j

where k(y) and G(y) denote Lame’s elastic moduli as func-
tions of depth (y), q(y) denotes mass density as a function
of depth (y), kj denotes the wave number, and x denotes the
frequency of excitation. Solving equation (1) will result in
a theoretical Rayleigh phase velocity profile.

In the process of the inversion, the values of Poisson’s
ratio and mass density are rarely changed from their initial
values, since the influence of these parameters on the cal-
culated phase velocities is of secondary importance for rea-
sonable initial estimates (Rix et al., 1991). Therefore we can
rewrite equation (1) for the purposes of this study as:

F [V , H] � 0 (2)R s

where Vs is an nl � 1 vector of shear-wave velocities, nl is
the number of layers including the half-space, and H is an
(nl � 1) � 1 vector of thicknesses excluding the half-space.
The other parameters involved in equation (1) are considered
to be constant and are not to be varied in the inversion
process.

A computer program developed by Rix and Lai (1999)
based on research by Lai and Rix (1998) and Hisada (1994)
is used to solve the forward problem expressed in equation
(1) or equation (2). The computer program has been devel-
oped in a MATLAB environment, which has the capabilities
of surface-wave testing using wave propagation theory and
signal processing. The output of the program is the modal
phase velocities of the Rayleigh waves. A typical plot of the
calculated phase velocities by the program versus frequency
(f) is illustrated in Figure 1. The data presented in Figure 1
are the fundamental mode phase velocities generated for a
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typical soil under a set of specific frequencies. The frequen-
cies vary from 3.75 Hz to 100 Hz as follows: (1) f � 3.75
Hz to 15 Hz with Df � 0.625 Hz; (2) f � 16.25 Hz to 35
Hz with Df � 1.25 Hz; and (3) f � 37.5 Hz to 100 Hz with
Df � 2.5 Hz.

Figure 1 is a typical dispersion curve that demonstrates
the dispersive behavior of the Rayleigh waves. Dispersion
curves basically show the dependence of the propagation
velocity of Rayleigh waves on the frequency or wavelength
of the waves in a layered medium. However, in a half-space
medium, the phase velocity is independent of the frequency
of the Rayleigh waves.

Genetic Algorithm

The main objectives of this study is to use a genetic
algorithm (GA) to estimate shear-wave velocity profiles us-
ing data obtained from experimental dispersion curves. A
GA is an optimization and search technique that simulates
the natural evolution process. GAs are global search methods
based on a stochastic approach, which rely on strategy of
survival of the best fit (Holland, 1975). The results obtained
in an inversion process using GA methodology are consid-
ered more dependable (Goldberg, 1989; Pezeshk and Camp,
2002) because:

• The GA approach is independent of initial information, so
there is no need to determine a set of initial design param-
eters.

• GA methods are not gradient-based methodologies; they
use objective function information and a probabilistic tran-
sition scheme with no use of gradient information.

• GAs do not utilize the variables themselves; instead they
use a coding set of variables.

• GAs do not improve a single solution; instead they work
on a population of possible solutions.

A GA is based on the mathematical modeling of the
mechanism of a genetic evolution strategy (Holland, 1975;
Goldberg, 1989; Pezeshk and Camp, 2002). GAs do not rely
on the specific relationship between the objective function
and the boundary conditions (Pezeshk and Camp, 2002).

All GAs can basically be characterized as follows:

1. They work on a population of problem variables, which
are usually created randomly. Variables are grouped in
variable sets; each is called a string and composed of a
series of characters that defines a possible solution for the
problem. Characters in each string are typically binary
numbers, which are evaluated after decoding to real or
integer numbers to represent the values of the discrete
problem variables for a particular solution.

2. The performance of the problem variables, as described
by the objective function and the constraints, is repre-
sented by the fitness of each string. A mathematical ex-
pression, called a fitness function, calculates a value for
a solution of the objective function. The fitter solution

gets the higher value and the ones that violate the objec-
tive function and constraints are penalized. Therefore,
like what happens in nature, the fittest and best solutions
will survive and get the chance to be a parent of the next
generation.

3. In a crossover procedure, two selected parents reproduce
the next generation. The procedure first divides the se-
lected parent strings into segments, and then some of the
segments of a parent string are exchanged with the cor-
responding segment of another parent string. One-point
(Goldberg, 1989), multiple-point, and uniform crossover
(Camp et al., 1998; Pezeshk et al., 2000) are among the
several crossover patterns. The one-point crossover em-
ployed by Goldberg in his Simple Genetic Algorithm
(SGA) divides each selected parent set into two parts and
then interchanges the second-string parts to generate two
new strings (Goldberg, 1989).

4. The mutation operation, which acts as an insurance policy
(Goldberg, 1989), guarantees diversity in the generated
populations. This is usually done by flipping (0 to 1 or
vice versa) a randomly selected bit in the selected binary
string to create a mutated string. Mutation prevents a
fixed model of solutions from being transferred to the
next generation. It allows for the possibility of generating
children with nonexisting features from both parent
strings.

For this study, we adapted and modified the backbone
GA routines from the Genetic Algorithm TOOLBOX for use
with MATLAB, developed by researchers at the University
of Sheffield, Department of Automatic Control and Systems
Engineering (Chipperfield et al., 1994). A flowchart of how
the inversion process is performed using a GA approach is
presented in Figure 2.

Inverting the Experimental Dispersion Curve
Using a GA

The objective of this research is to present the procedure
used for inverting the experimental dispersion curve using a
GA. The procedure seeks to find the best combination of the
thicknesses of the soil profile and their corresponding shear-
wave velocities to minimize the difference between the ex-
perimental dispersion curve (target) and the theoretical dis-
persion curve. The theoretical phase velocities (theoretical
dispersion curve) are obtained by solving the Rayleigh dis-
persion equation (equation 2) for each generation. The de-
viation of the results from the target is measured by the mean
square of error between the square root of the sum of the
squares of the theoretical dispersion curve and target (see
Fig. 3).

The optimization problem is formulated as the mini-
mization of the error function E between the theoretical dis-
persion curve and the experimental dispersion curve. The
error function is defined as:
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Figure 2. Flowchart of the GA-based inversion
process.

Figure 3. The experimental dispersion curve and
a typical early generation of the theoretical dispersion
curve during a GA-based inversion process.

1/22experimental theoreticalE � min {�VR � VR � } (3)

where VRexperimental is an nf � 1 vector of experimental
phase velocities, VRtheoretical is an nf � 1 vector of theoreti-
cal phase velocities obtained by solving the forward problem
VRtheoretical � f(Vs, H), nf is the number of frequencies, and
�.� is the Euclidian norm. The optimization problem pre-
sented in equation (3) is also subjected to the following con-
straints:

min minV � V � V (4)s s s

and

min maxH � H � H (5)

where Vs
min and Vs

max are vectors of the lower and upper
bound assigned to each layer’s shear-wave velocity, respec-
tively; and Hmin and Hmax are vectors of the lower and upper
bound on the thickness of each layer, respectively.

The forward problem f(Vs, H) solution may result in
dispersion curves that correspond to several modes of prop-
agation (Gucunski and Woods, 1992; Rix et al., 1992). In
general, surface waves consist of the summation of many
modes of propagation. However, the fundamental mode usu-
ally dominates when the source is located on the surface. In
this study, we used the fundamental mode of propagation in
the inversion process. Furthermore, in the proposed GA-
based inversion process, we can either determine shear-wave
velocities for a given set of layer thicknesses, if known, or
determine both shear-wave velocities and layer thicknesses
simultaneously. One of the advantages of using GAs is that
no derivatives need be calculated, and, as a result, many
typical numerical problems that exist with traditional pro-
cedures are eliminated.

Examples

To illustrate the strengths of the proposed procedure,
two examples are presented. Through these examples, the
stability of the GA in adapting itself to match a given target,
which in this study is the experimental phase velocities, is
illustrated. The first example is the application of the pro-
posed procedure to determine a set of thicknesses and shear-
wave velocities corresponding to the best match of the
theoretical and experimental phase velocities. The second
example problem, on the other hand, is to estimate the shear-
wave velocity profile that results in a good match between
the theoretical and experimental phase velocities for a site
in Paris, Tennessee. In both examples, the experimental
phase velocities, which are determined from field measure-
ments, are known and given.
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Figure 4. Phase velocities of the experimental re-
sult and the phase velocities of the converged solution
for example 1.

Figure 5. Convergence history of example 1.

Table 1
Thicknesses and Shear-wave Velocities Obtained by the GA

for Example 1

Layer
Thickness

(m)
Shear-Wave Velocity

(m/sec)

1 7 187
2 3 397
3 3 466
4 9 231
5 7 280
6 2 494
7 5 531
8 8 722
9 2 372

10 5 713
11 2 366

Half-space 755

Example 1

The design variables for this problem consist of 22 un-
knowns, 11 thicknesses and 11 shear-wave velocities. A
shear-wave velocity of 755 m/sec is assumed for the half-
space. The target input data consist of the ordinates of ex-
perimental phase velocities at 61 frequencies. A population
size of 25 was run for 200 generations with a 60% proba-
bility of crossover and a 1% probability of mutation. Fig-
ure 4 shows the experimental phase velocities and the best
obtained theoretical phase velocities at these 61 frequencies.
The convergence history is shown in Figure 5. From Fig-
ure 5, it can be observed that the GA-based procedure prac-
tically converged in 75 generations. The algorithm selected
11 thicknesses and 11 shear-wave velocities, as presented in
Table 1 and Figure 6.

It is to be noted that the solution to this problem is not
unique. Several different solutions consisting of different
combinations of thicknesses and shear-wave velocities were
obtained by running the GA-based inversion process that re-
sulted in a very good agreement between the theoretical and
the experimental phase velocities.

Figure 6. Shear-wave velocity profile obtained for
example 1.
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Figure 7. Phase velocities of the experimental
data obtained using the multistation SASW method
and the phase velocities of the converged solution for
example 2 using the proposed procedure.

Figure 8. Convergence history of example 2.

verges in about 25 generations. The final selection of 15
shear-wave velocities by the algorithm is illustrated in Fig-
ure 9. In addition, the shear-wave velocities determined from
a downhole seismic survey are also plotted as solid squares

Figure 9. Shear-wave velocity profiles obtained
for example 2. The solid line denotes the surface-
wave test and solid squares denote the downhole seis-
mic test.

Example 2

In this example, a comparison of the shear-wave veloc-
ity profiles obtained from a site in Paris, Tennessee, using
the proposed GA-based inversion procedure and a downhole
seismic survey is presented. The shear-wave velocity profile
used for comparison was obtained from a downhole seismic
survey method performed by Pezeshk et al. (1998). The ex-
perimental dispersion curve for this site was determined us-
ing a multistation SASW procedure. The shear-wave veloc-
ities are then calculated using the proposed procedure. The
procedure is similar to that of example 1. In this example, a
population size of 25 was run for 40 generations; the only
variables modified by the program are the shear-wave ve-
locities. Therefore, in each new generation the input shear-
wave velocities will be adapted in a way that the output
theoretical phase velocities better match the input experi-
mental phase velocities. As can be observed from Figure 7,
there is a good agreement between the final output theoreti-
cal and the input experimental phase velocities for the Paris
site.

The convergence history of example 2 is shown in Fig-
ure 8. It can be observed that the problem practically con-
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in Figure 9. From this figure, it can be observed that the
SASW inversion procedure using a GA algorithm results in
a good estimation of shear-wave velocities at different
depths in comparison with the seismic downhole survey. Al-
though the test locations in Paris were very close, the top
layers of the sites were not necessarily the same owing to
the construction procedures around the borehole location.
This could explain the discrepancies in the first few meters.

Conclusions

A new inversion procedure for SASW is presented. The
procedure uses a genetic algorithm (GA) to obtain the theo-
retical dispersion curve that matches the experimental dis-
persion curve. The input to the GA is either a union of soil
thicknesses and shear-wave velocities or just shear-wave ve-
locities as a single individual. Each generation of individuals
is modified through the processes that mimic nature’s mat-
ing, natural selection, and mutation. The process continues
until an optimum individual set is obtained. The optimum
individual will represent a soil profile with a dispersion
curve that best matches the experimental dispersion curve.
Since the inversion problem is ill-posed with nonunique so-
lutions, the ultimate result of the optimization process will
be a model of soil characterization. The procedure is stable
and accurate with several advantages compared with the tra-
ditional optimization methods. The results from the two pro-
vided examples show a very good agreement between the
calculated output phase velocities and the input experimental
phase velocities. The shear-wave velocity profile of example
2 obtained from this study agrees well with the results of a
downhole seismic test.
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