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This paper develops a new model for a damping scaling factor (DSF) that can
be used to adjust elastic response spectral ordinates for the vertical component of
earthquake ground motion at a 5% viscous damping ratio to ordinates at damping
ratios between 0.5% and 30%. Using the extensive NGA-West2 database of
recorded ground motions from worldwide shallow crustal earthquakes in active
tectonic regions, a functional form for the median DSF is proposed that depends
on the damping ratio, spectral period, earthquake magnitude, and distance. Stan-
dard deviation is a function of the damping ratio and spectral period. The pro-
posed model is compared to the DSF for the “average” horizontal component. In
general, the peak in DSF is shifted toward shorter periods and is farther from
unity for the vertical component. Also, the standard deviation of DSF for vertical
motion is slightly higher than that observed for the “average” horizontal compo-
nent. [DOI: 10.1193/100512EQS299M]

INTRODUCTION

The current practice of seismic design is primarily based on the effects of horizontal
components of ground motion on structures. However, the effects of the vertical component
of ground motion can be important for certain types of structures and for nonstructural com-
ponents. For example, bridges, diaphragms, cantilever and base-isolated structures can be
sensitive to the vertical excitation. In the design of structures that house sensitive equipment
or anchorages for nonstructural components the vertical ground shaking can be influential,
especially for sites close to active faults. Furthermore, some structural components and sys-
tems can have short vertical natural periods that are not far from the dominant period of
vertical input motion (see, e.g., Bozorgnia et al. 1998); thus, in-structure amplification of
vertical acceleration is expected.
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VERTICAL GROUND MOTION PREDICTION EQUATIONS

To analyze the effects of earthquake ground motions on structures, ground motion pre-
diction equations (GMPEs) are often used in practice to estimate the intensity of ground
shaking in the form of elastic response spectral values. Many GMPEs have been developed
for the horizontal ground motion. For example, the next generation attenuation (NGA) rela-
tions provided GMPEs for the “average” horizontal component (Power et al. 2008). On the
contrary, very few GMPEs have been developed for the vertical ground motion component.
Traditionally, seismic design guidelines have used a constant, period-independent, spectral
ratio of 2∕3 to scale the horizontal response spectrum to the vertical response spectrum (e.g.,
Section 1.6.1.5.2 of FEMA 356 2000). However, it is now well-established that at short per-
iods and in near-source areas, the vertical response spectrum can exceed its horizontal coun-
terpart. Thus, the traditional 2∕3 scaling of the horizontal spectrum can significantly
underestimate the vertical ground motion, or conversely, at long periods the 2∕3 rule
could be rather conservative (e.g., Campbell 1985, Niazi and Bozorgnia 1991, 1992,
Bozorgnia et al. 1995, Silva 1997, McGuire et al. 2001, Bozorgnia and Campbell 2004,
BSSC 2009).

Several GMPEs have been developed for the vertical response spectra or for the vertical-
to-horizontal (V/H) response spectral ratios (e.g., Abrahamson and Silva 1997, Campbell
1997, Sadigh et al. 1997, Campbell and Bozorgnia 2003, Gülerce and Abrahamson
2011). The vertical model by Campbell and Bozorgnia (2003) was later simplified for design
purposes in Bozorgnia and Campbell (2004) and became the basis for developing vertical
design spectra in the 2009 National Earthquake Hazards Reduction Program (NEHRP) pro-
visions (BSSC 2009). A few other investigators have also proposed models for developing a
vertical design spectrum (e.g., Elnashai and Papazoglu 1997, Malhotra 2006). Only in recent
years have building codes started to provide guidelines on developing a vertical design spec-
trum based on a more meaningful ratio than 2∕3 or even completely independent of the hor-
izontal design spectrum (i.e., CEN 2004 and BSSC 2009). Bommer et al. (2011) have
developed a model for the V/H response spectral ratio for Europe and the Middle East.
Tezcan and Piolatto (2012) have proposed a probabilistic nonparametric model for the
V/H ratio that does not require a functional form and treats the model coefficients as random
variables.

DAMPING SCALING OF THE VERTICAL RESPONSE SPECTRUM

Historically, GMPEs for both horizontal and vertical ground motions have been devel-
oped at a 5% reference damping ratio (i.e., the equivalent viscous damping ratio of the system
is 5% of critical; Chopra 2012). In reality, the damping ratio, which represents the level of
energy dissipation in structural, geotechnical, and nonstructural systems, can be different
from 5% depending on the structural type, construction material, and level of ground shaking
(for examples, see Rezaeian et al. 2012). In a previous paper, we presented an empirically
developed predictive model for a damping scaling factor (DSF) for the “average” horizontal
component (Rezaeian et al. 2014). The DSF was used to scale pseudo-response spectral
accelerations (PSA) at a 5% damping ratio to PSA at other damping ratios. The “average”
horizontal component, which hereafter will simply be referred to as the horizontal compo-
nent, was represented in two ways: (1) GMRotI50 horizontal component, as defined by
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Boore et al. (2006) and used in the NGA GMPEs; and (2) RotD50 horizontal component as
defined by Boore (2010) and used in the update of the NGA GMPEs (i.e., NGA-West2; see
Bozorgnia et al. 2012). These two components are independent of the in situ orientation of a
seismometer. The DSFs of these two components had the same functional forms, but dif-
ferent model coefficients, and only minor differences between them. In this paper, we extend
the DSF model to the vertical component of ground motion.

In the past two decades, a large number of studies have been conducted on damping
scaling of the response spectrum. A comprehensive summary of the literature is given in
the report by Rezaeian et al. (2012). The majority of these studies focus on damping scaling
factors for the horizontal ground motion. Very few have developed damping scaling factors
for the vertical component. Mohraz (1976) used 54 recordings from 16 earthquakes to study
the vertical response spectrum at five damping ratios: 0%, 2%, 5%, 10%, and 20%. Trifunac
and Lee (1989) used a database of 438 recordings from 104 earthquakes, mostly from
California, to develop GMPEs for the vertical pseudo-velocity response spectrum at 0%,
2%, 5%, 10%, and 20% damping ratios. Berge-Thierry et al. (2003) used 485 recordings
mainly from European earthquakes supplemented by a few California events to develop
GMPEs for the vertical pseudo-acceleration response spectrum. Their model coefficients
were computed for 5%, 7%, 10%, and 20% damping ratios. A disadvantage of developing
GMPEs at multiple levels of damping is that the resulting models cannot be directly used to
adjust other existing or updated 5% damped GMPEs. However, scaling factors for transition
from 5% to other damping ratios can be estimated from these models for any combination of
their predictor variables and can be interpolated between the discrete damping ratios covered
by the original GMPE.

An alternative approach taken by most researchers, dating back to the classic work of
Newmark and Hall (1982) and also used in Rezaeian et al. (2014), is to develop models of
multiplicative factors (i.e., DSF) that scale the 5% damped spectral ordinates predicted by
any GMPE to ordinates for other damping ratios. The advantages of this approach are that
it does not require interpolation between discrete damping ratios and can be easily applied
to GMPEs other than those from which the model was derived. Models for the DSF of
vertical ground motion have been proposed by McGuire et al. (2001) based on random
vibration theory and by Abrahamson and Silva (1996) based on empirical analyses. The
procedure recommended by McGuire et al. (2001) is applicable for damping ratios
between 0.5% to 20% and uses similar functional forms for the horizontal and vertical
ground motions. Their DSF model depends on the damping ratio, spectral period, and
duration of motion. Abrahamson and Silva (1996) proposed a model for lnðDSFÞ of
the vertical ground motion that is a function of earthquake magnitude. Their model coef-
ficients are given at specified damping ratios (between 0.5% and 20%) and spectral per-
iods (between 0.02 s and 5 s). Finally, Malhotra (2006) used recorded data to develop
functional forms for the DSF of a smooth vertical response spectrum. Different functions
are given for the acceleration-constant, velocity-constant, and displacement-constant
regions of the smooth spectrum.

In this study, we use an extensive database of over 2,000 recordings from shallow crustal
events in active tectonic regions to develop a new DSF model for the vertical component of
ground motion. Our database is a subset of the database developed for the NGA-West2
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project, which is a research program coordinated by the Pacific Earthquake Engineering
Research Center (PEER) to update the 2008 NGA models (Ancheta et al. 2013). It should
be noted that the new DSF model is not dependent on the NGA GMPEs, or any other specific
GMPE, as this model is developed directly from the spectral ordinates of the recorded data.
Therefore, the model is general enough to be applicable to a wide range of GMPEs for ver-
tical elastic response spectra.

CHARACTERISTICS OF THE VERTICAL GROUND MOTION

In this paper, we also highlight the differences between the DSF of vertical and horizontal
ground motions. These differences could be due to the specific characteristics of the vertical
component of ground motion. Several investigators have studied the characteristics of the
vertical ground motion (see details in Bozorgnia and Bertero 2004, Bozorgnia and Campbell
2004, Malhotra 2006, and Aoi 2008). In particular, the vertical component is richer in high-
frequency content than the horizontal component. This causes higher vertical response spec-
tral ordinates at shorter periods as compared to horizontal spectra. This difference increases
with decreasing soil stiffness. Another major difference is that the vertical component attenu-
ates at a higher rate than the horizontal component. As a result, generally the V/H ratio has
been found to be a strong function of natural period, source-to-site distance, and local site
conditions, and a weaker function of other variables such as earthquake magnitude and fault-
ing mechanism (e.g., Bozorgnia and Campbell 2004). Malhotra (2006) observed a much
smaller normalized (as defined in Malhotra 2006) peak ground velocity, PGV, for the vertical
motion relative to that of the horizontal motion. Since spectral acceleration in mid-range
periods (about 0.3 s to 2 s) is highly correlated with PGV, one can expect lower V/H ratios
in this range. Aoi et al. (2008) studied vertical motions from the 2008 Iwate-Miyagi earth-
quake in Japan. In addition to the large amplitudes of the vertical component relative to the
horizontal, they observed a distinct asymmetry around the zero line in vertical acceleration
time series. They explained this phenomenon for extreme ground motions by a simple model
of a mass bouncing on a trampoline.

Some seismological explanations have been offered in the literature for the differences
observed between the vertical and horizontal ground motions. The conversion of SV-waves
to compressional P-waves at the rock/soil interface and their refraction into a more vertical
angle as the seismic waves propagate toward a site can be a contributing factor (Silva 1997).
This S-to-P wave conversion can explain the high-amplitude, high-frequency nature of near-
source vertical accelerations (Amirbekian and Bolt 1998). Beresnev et al. (2002) suggested
that vertical ground motions are dominated by SV-waves at longer periods and that P-waves
could be significant contributors at shorter periods, possibly influencing the characteristics of
the vertical ground motion. In this paper, we also observe systematic, period-dependent dif-
ferences between the DSF of vertical and horizontal ground motions.

In the following, we first describe the database of strong ground motion records that is
used in this study for empirical modeling. Then, a summary of the observed dependencies
between the DSF and potential predictor variables is presented. Next, models for the median
DSF and its logarithmic standard deviation for the vertical component of ground motion are
proposed. Finally, the model is compared to that of the horizontal ground motion.
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VERTICAL GROUND MOTION DATABASE

Rezaeian et al. (2014) used a subset of the NGA-West2 database of recorded ground
motions with moderate to large magnitude events to develop models for damping scaling
of horizontal components, that is, GMRotI50 and RotD50 components. This database
was summarized in detail in Rezaeian et al. (2014). For the present paper, the elastic response
spectra for the available vertical components of the same records have been calculated at the
same 11 damping ratios: β ¼ 0.5%, 1%, 2%, 3%, 5%, 7%, 10%, 15%, 20%, 25%, and 30%.

As described in Rezaeian et al. (2014), we select records with closest distance to rupture,
RRUP, of less than 50 km for empirical modeling. This is to ensure a proper model for near-
source data. The validity of the model for distances beyond 50 km is later verified by exam-
ining the residuals for the remaining records. The selected database contains 2,229 vertical
components from 218 earthquakes. Vertical components were not available for 21 records in
the database used by Rezaeian et al. (2014; i.e., 2,250 horizontal components).

In our selected database, the moment magnitude M ranges between 4.2 and 7.9, with a
mean of about 6.1. The distance RRUP varies between 0.05 km and 49.97 km, with a mean of
about 27 km. The magnitude-distance distribution is shown in Figure 1. To examine the
effects of site conditions and duration of motion on damping scaling, we use VS30 and
D5�75, respectively. VS30 represents the time-averaged shear wave velocity in the top
30 m of the site. This measure varies between 116 m∕s and 2;016 m∕s, with a mean of
about 397 m∕s. D5�75 represents the significant duration of motion measured from 5%
to 75% of Arias intensity. D5�75 ranges between 0.48 s to 89.29 s, with a mean of about
9.2 s. (Another duration measure, D5�95, was also considered in the residual analysis).
The distributions of M, RRUP, VS30, and D5�75 for our selected database of vertical ground
motions are shown in Figure 2 as normalized frequency diagrams. The VS30 value is

Figure 1. Magnitude-distance distribution of the selected database.
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unknown for a few recordings; hence, the corresponding vertical axis in Figure 2 shows a
smaller number of data points. The only visible difference compared to similar diagrams for
the horizontal component is in the duration of motion. In general, D5�75 is slightly higher for
the vertical component. (D5�75 for the horizontal motion varies between 0.25 s and 59.32 s,
with a mean of about 7.5 s as reported in Rezaeian et al. 2014.)

In the literature, various terminologies and symbols are used for the damping scaling
factor. We follow the notation used in Rezaeian et al. (2014) and define the damping scaling
factor (DSF) as

EQ-TARGET;temp:intralink-;e1;41;536DSF ¼ PSAβ%

PSA5%
(1)

where β represents the damping ratio of interest, and PSA denotes the elastic pseudo-spectral
acceleration of the vertical ground motion at a damping ratio indicated in the subscript. The
DSF is calculated according to Equation 1 for each record in the database at all 11 damping
ratios and at the 21 spectral periods considered in the NGA projects: T ¼ 0.01 s, 0.02 s,
0.03 s, 0.05 s, 0.075 s, 0.1 s, 0.15 s, 0.2 s, 0.25 s, 0.3 s, 0.4 s, 0.5 s, 0.75 s, 1 s, 1.5 s,
2 s, 3 s, 4 s, 5 s, 7.5 s, and 10 s.

Figure 2. Distributions of parameters in the selected database.
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Some studies (e.g., Lin and Chang 2003) argue that the absolute spectral acceleration
(SA) should be used instead of the pseudo-spectral acceleration (PSA) to calculate the
DSF. The reason is that the DSF calculated using PSA is in fact derived from the spectral
displacement (SD), DSF ¼ ðSDβ%Þ∕ðSD5%Þ ¼ ðPSAβ%Þ∕ðPSA5%Þ, and therefore, the use of
it to reduce design forces is inappropriate. PSA approximation of SA simply neglects damp-
ing forces, which causes significant differences between PSA and SA at high damping ratios
and long periods. These studies, which thus far have been specific to the horizontal ground
motion, show significant differences between ðPSAβ%Þ∕ðPSA5%Þ and ðSAβ%Þ∕ðSA5%Þ, espe-
cially for β > 10% and T > 0.15 s. On the other hand, Cameron and Green (2007) provide a
discussion on why the use of PSA-based DSF is valid for base isolated structures and struc-
tures with damping devices, where the structural system does not need to resist the entire
induced inertial forces (only the part not resisted by the isolation or damping system), and for
inelastic structures designed per the substitute structure method, where the design is based on
a targeted maximum displacement. Given that the relatively recent engineering practice is
being driven toward displacement-based design, we follow Equation 1 and use PSA to cal-
culate the DSF. Additionally, the purpose of this study is to develop a model to be applied to
PSA-based GMPEs, which makes the definition in Equation 1 appropriate. We acknowledge
that at 5% damping, PSA approximately equals SA and consequently their GMPEs would be
similar. However, PSA values begin to deviate radically from SA values at high damping
ratios, approximately beyond 20% (Chopra 2012), and caution should be taken on selection
of appropriate structural analysis techniques if damping ratios as high as 30% are used. This
is likely the reason that many existing models have limited their maximum target damping
ratio to 20% of critical.

MODEL DEVELOPMENT

Our goal is to develop a predictive equation of the following generic form

EQ-TARGET;temp:intralink-;e2;62;318 lnðDSFÞ ¼ μðβ; T ; earthquake; site;bÞ þ ε (2)

where μ represents the mean of lnðDSFÞ, which is a function of the damping ratio β, the
spectral period T , and various earthquake and site characteristics such as earthquake mag-
nitude, source-to-site distance, and site conditions; b is the vector of regression coefficients;
and ε represents the error term that is assumed to be normally distributed with zero mean and
standard deviation σ.

In Rezaeian et al. (2014), we developed a model for the DSF of the horizontal ground
motion, denoted hereafter as DSFH . DSFH was assigned a lognormal distribution and its
predictive equation followed the form given in Equation 2 with predictor variables β, M,
and RRUP, and the regression coefficients given at the 21 NGA periods. In this study,
after statistical data analysis, we assign also a lognormal distribution to the random variable
DSFV , where subscript V denotes the vertical ground motion. Furthermore, after scrutinizing
our database of vertical ground motions, we observe that the general trends seen between
DSFV and various predictor variables are similar to what was observed for DSFH . Namely,
systematic patterns with damping ratio and vibration period, strong dependence on duration
and magnitude, a weaker but relatively significant dependence on distance, and a negligible
dependence on site conditions are observed. A step-by-step regression procedure and study
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of residual diagnostic plots lead to selection of the functional form and identification of the
model coefficients for DSFV . More details are provided in the following.

DISTRIBUTION OF DSF

Traditionally, a lognormal distribution is assumed for ground motion intensity measures
(i.e., PSA) at specified earthquake and site characteristics (e.g., given earthquake magnitude,
source-to-site distance, etc.). If PSA is lognormally distributed, then lnðPSAÞ follows a nor-
mal distribution. Following Equation 1,

EQ-TARGET;temp:intralink-;e3;41;537 lnðDSFVÞ ¼ lnðPSAβ%Þ � lnðPSA5%Þ (3)

where each term on the right-hand side is assumed to be normally distributed. It is well-
known that the linear combination of independent normally distributed random variables
is normal. Therefore, if PSAs at two different damping ratios were independent variables,
then it would be logical to assume a lognormal distribution for the DSFV . But because PSA
values at two different damping ratios can be dependent, we investigate the possibility that
the DSFV follows a lognormal distribution independently by statistical analysis of our avail-
able data.

At a specified T and β, we find the data for the DSFV to be well represented by a log-
normal distribution (i.e., lnðDSFVÞ is normally distributed). Figure 3 shows example plots at

Figure 3. Distribution of lnðDSFV Þ at specified periods and β ¼ 2%.
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β ¼ 2% and T ¼ 0.2 s, 1 s, and 7.5 s. The top row shows the normalized frequency diagrams
of lnðDSFVÞ. The normal distribution for each period is estimated by the method of moments
and the resulting probability density function (PDF) is superimposed on the figure. Further-
more, the cumulative distribution function (CDF) of the fitted distribution is plotted along
with the empirical CDF of data in the second row of Figure 3. The normal probability plots
are shown in the bottom row of Figure 3, where the data within the first and third quartiles
(marked by hollow circles) follow a straight line, thus confirming that the data for lnðDSFVÞ
could follow a normal distribution. By visual inspection of histograms, examining the fit to
the empirical CDF, and scrutinizing the normal probability plots at specified T and β values,
we graphically assess the distribution of data and conclude that the lnðDSFVÞ data are repre-
sentative of the normal distribution with a better fit at shorter periods (e.g., compare the plots
at 0.2 s and 7.5 s in Figure 3). These results are typical for all periods and damping ratios with
the exception of two scenarios: (1) at very short T and very low β, and (2) at very short T and
very high β (examples are shown in Rezaeian et al. 2012). The DSFV can be reasonably
assumed a lognormal random variable for the purposes of this study at a specified T and
β; we do not see the need for any further hypothesis testing. Similar results were observed
for DSFH .

In the literature (see Introduction), DSF and lnðDSFÞ have been inconsistently used on
the left-hand side of Equation 2 (typically for the horizontal ground motion). DSF following a
lognormal distribution supports the use of lnðDSFÞ in Equation 2; assuming normal distribu-
tion of the error term leads to normal distribution of the response variable at specified values
of earthquake and site characteristics. Choosing a suitable distribution for the response vari-
able in the regression analysis could be an important factor when studying the symmetry of
the residual diagnostic plots. Additionally, the choice of lnðDSFÞ as the response variable in
the regression analysis implies that the proposed model for μ is for the median DSF.

PREDICTOR VARIABLES

Based on the definition of the DSF and the strong dependence of PSA on T , the most
obvious predictor variables are the damping ratio and spectral period. Figures 4 and 5 show
the systematic patterns that exist between DSFV and these two variables. In these figures, the
data is divided by three magnitude bins (i.e.,M 5 toM 6,M 6 toM 7, and greater thanM 7).
Furthermore, separate plots are presented for distances less than 50 km (selected database for
regression analysis) and greater than 50 km (the remainder of records in the NGA-West2
database for moderate to large magnitude events). Similar to DSFH (Rezaeian et al.
2014), the dependence on T is weak between 0.2 s to 2 s for β ≥ 2%, but there is a strong
dependence outside this period range until DSFV approaches unity for very short and very
long T as expected. This is expected because the forces in a very stiff or a very flexible
structure are relatively independent of the damping ratio. One can also explain this phenom-
enon due to the PSA approaching the peak ground acceleration at very short periods, and the
SD approaching the peak ground displacement at very long periods; both of which are inde-
pendent of the damping ratio. The dependence on T is much stronger for β ≤ 1%. Figures 4
and 5 also show the influence of magnitude and distance on DSFV . These two variables were
used in the model of DSFH to capture the strong dependence on the duration of motion. In
general, asM increases, the DSF decreases for β > 5% at long periods, but a general increase
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in the DSF is observed for β < 5%. Also, a consistent deviation from unity at long periods is
observed as distance increases.

Duration of motion has a strong influence on DSFV because the number of energy dis-
sipating cycles that increase with duration of motion can be influential on the equivalent
viscous damping. Figure 6 shows the scatter plot of DSFV in our selected database versus
D5�75 at T ¼ 1 s for β ¼ 2% and 20%. A fitted line (using simple least squares regression) is
superimposed on the figure only for visual purposes to show the linear correlation between
DSFV and logðD5�75Þ. Dependence of DSFV on D5�75 is less pronounced than that of DSFH .
Similar dependence is seen with D5�95. Despite its strong influence on DSF relative to other
variables, explicit inclusion of duration in the model is not ideal in practice because duration
is generally not specified as part of a seismic design scenario. Therefore, we follow the
approach we took in modeling DSFH and capture the effects of duration on DSFV by inclu-
sion of both magnitude and distance in the model. In general, we expect to see a strong
positive correlation between duration and magnitude, and a moderate positive correlation
between duration and distance (e.g., Bommer et al. 2009). This statement is supported
by our data. Similar to the observed patterns with D5�75 (e.g., Figure 6), we see that

Figure 4. Median DSFV versus period plotted for different magnitude-distance bins.
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Figure 5. Median DSFV versus damping ratio plotted for different magnitude-distance bins.

Figure 6. Influence of duration on DSFV at T ¼ 1 s for records in the selected database.
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DSFV increases with M if β < 5% and decreases if β > 5%. This dependence on M is rela-
tively strong (e.g., Figure 7). Similar patterns, but much weaker, are observed with RRUP (e.g.,
Figure 8). Fitted lines are superimposed on each plot in Figures 7 and 8 to visually show the
linear dependence. The patterns observed in Figures 7 and 8 are slightly weaker than those
observed for DSFH .

We investigate the influence of shallow site conditions by examining the dependence of
DSFV on VS30. Similar to DSFH , we find this dependence to be negligible. This is consistent
with results found in the literature. For example, Malhotra (2006) also reported statistically
insignificant differences between rock and soil sites. Additionally, the influence of sediment
depth is examined by scrutinizing the residual plots of the model proposed in the next section
versus available data for Z1.0 and Z2.5, which respectively represent the depth to the 1.0 and
2.5 km∕s shear-wave velocity horizons. No dependence is observed.

Figure 7. Influence of magnitude on DSFV at T ¼ 1 s for records in the selected database.

Figure 8. Influence of distance on DSFV at T ¼ 1 s for records in the selected database.
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THE PROPOSED MODEL

We carry out a multistep least squares regression process, which is described in detail in
Rezaeian et al. (2012) and summarized in Rezaeian et al. (2014).M and RRUP are selected as
the predictor variables; then, the constant term and the coefficients of the magnitude and
distance terms are expressed in terms of β at each specified period. The final model has
a functional form the same as that of DSFH

EQ-TARGET;temp:intralink-;e4;62;561

lnðDSFVÞ ¼ b0 þ b1 lnðβÞ þ b2ðlnðβÞÞ2
þ ½b3 þ b4 lnðβÞ þ b5ðlnðβÞÞ2�M
þ½b6 þ b7 lnðβÞ þ b8ðlnðβÞÞ2� lnðRRUP þ 1Þ
þ ε

(4)

where β is the damping ratio as a percentage; RRUP is in km; bi, i ¼ 0; : : : ; 8, are period-
dependent regression coefficients given in Table 1; and ε is the error term. The standard
deviation of ε, which represents the logarithmic standard deviation of DSFV , shows a strong
dependence on the damping ratio that can be captured by the following equation, which has
the same functional form as the model for horizontal component

EQ-TARGET;temp:intralink-;e5;62;430σlnðDSFV Þ ¼ ja0 lnðβ∕5Þ þ a1ðlnðβ∕5ÞÞ2j (5)

where a0 and a1 are period-dependent coefficients also given in Table 1. In Figures 9 and 10,
the regression coefficients are plotted against period for the vertical ground motion. The
corresponding plots for the horizontal ground motion, RotD50, from Rezaeian et al.
(2014) are superimposed on these figures for comparison. Observe that the overall shape
of a coefficient plotted versus period is similar for both vertical and horizontal components,
but with a shift in the period. This shift is more obvious around 0.1 s. Smoothing of the model
coefficients with respect to period is not necessary because the resultingDSFV and, therefore,
the scaled GMPE are smooth with respect to T . As an example, Figure 11a plots the predicted
DSFV according to Equation 4 for M ¼ 7 and RRUP ¼ 10 km. Figure 11b shows the pre-
dicted standard deviation according to Equation 5, which is independent of M and RRUP.

Figures 12 and 13 show the variation of DSFV with magnitude and distance for several
damping ratios. Figure 12 plots the predicted DSFV at various magnitudes for
RRUP ¼ 10 km, whereas Figure 13 plots the same measure at various distances for M 7.
Similar toDSFH (Rezaeian et al. 2014), the variation with magnitude and distance is sensitive
to the damping ratio. Much more variation is seen at 0.5% and 30% damping ratios compared
to 3 and 7% damping ratios. In general, the variation with magnitude and distance is neg-
ligible at shorter periods and greater at longer periods. For DSFV , there is usually a period
range where we see almost no variation with magnitude, e.g., 0.2–0.7 s at a 20% damping
ratio. Before and after this period range, the direction of the dependence between DSFV and
M changes (i.e., DSFV increases withM for periods less than 0.2 s but decreases withM for
periods greater than 0.7 s). This range reduces to just one period when it comes to the varia-
tion with RRUP (see Figure 13).

Figure 14a compares the proposed model at a magnitude of 6.5 and 20 km distance with
the median DSFV calculated from records in a magnitude-distance bin of 6 ≤ M ≤ 7 and
0 ≤ RRUP < 50 km. There is a good overall agreement between the data and the proposed
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model. As discussed in the introduction, very few models exist in the literature for DSFV .
The model by Malhotra (2006) is not directly comparable to the proposed model because
it depends on peak ground acceleration, peak ground velocity, and peak ground displace-
ment to construct the design response spectra at various damping ratios. The model by
Abrahamson and Silva (1996) is compared to the proposed model in Figure 14b. This
model is a function of M, but not RRUP, and is applicable to T ¼ 0.02� 5 s. It is calculated
and plotted only at select periods, and we linearly interpolated the model in between. In
Figure 14b, the proposed model is plotted for M ¼ 6.5, RRUP ¼ 20 km, and all 11 damping
ratios from 0.5 to 30% and the Abrahamson and Silva (1996) model is plotted for M ¼ 6.5

and β ¼ 0.5%, 1%, 2%, 3%, 5%, 7%, 10%, 15%, and 20%. Except for very low damping,
where the peak is at a shorter period in our model, there is a relatively good agreement
between the two models.

Figure 9. Model coefficients for DSFV (vertical), compared to those for DSFH (RotD50).

Figure 10. Model coefficients for the logarithmic standard deviation of DSFV (vertical),
compared to those for DSFH (RotD50).
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Analysis of Residuals

One of the classical data exploration techniques is the analysis of residuals. We define the
model residual as the difference between the observed and predicted (i.e., calculated) values
of lnðDSFÞ. In the model-building process, we examined the residuals at each step to assess
the adequacy of the selected functional form. We inspected the residuals to examine depar-
tures from normality. Furthermore, the plots of the residuals versus explanatory variables
(including those variables that were not included in the model, e.g., duration, site conditions)

Figure 11. Predicted (a) median DSFV according to Equation 4 at a given magnitude and dis-
tance, and (b) logarithmic standard deviation according to Equation 5.

Figure 12. Variation of median DSFV with magnitude at 10 km distance.
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were examined for symmetry around zero and for any systematic trends. Figure 15 shows
examples of residual diagnostic plots for the proposed model in Equation 4 at T ¼ 0.2 s.
Only data with distances less than 50 km are plotted. Figure 15a shows the dependence
of the residuals on the damping ratio. Figures 15b–g show the dependence on magnitude,

Figure 13. Variation of median DSFV with distance at magnitude of 7.0.

Figure 14. The proposed model is plotted for M ¼ 6.5 and RRUP ¼ 20 km at all 11 damping
ratios from 0.5% to 30%. (a) Data for magnitude-distance bin of 6 ≤ M ≤ 7 and
0 ≤ RRUP < 50 km is superimposed. (b) Abrahamson and Silva (2006) model is superimposed
for M ¼ 6.5 at β ¼ 0.5%, 1%, 2%, 3%, 7%, 10%, 15%, 20%.
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distance, and duration at 1% and 20% damping ratios. In each plot, a black line indicates the
average values of residuals over equally spaced bins of data for visual inspection of patterns.
Similar plots for other explanatory variables, periods, damping ratios, and distance ranges
(e.g., beyond 50 km) are examined to confirm the general validity of the model. The residual
plots for data with 50 ≤ RRUP < 200 km reveal an insignificant trend with the explanatory
variables and we conclude that the model is applicable to distances up to 200 km. In Rezaeian
et al. (2014), a maximum applicable distance of 200 km was also recommended; however,
some NGA-West2 GMPEs were developed for a maximum distance of 300 km; thus, we
examined the residual diagnostic plots and concluded that extrapolation of the models
for both DSFH and DSFV up to a distance of 300 km are reasonable with the exception
at very short periods (about less than 0.1 s).

Standard Deviation of the Scaled Spectrum

Due to the small values of σlnðDSFÞ relative to the standard deviation of the predicted 5%
damped PSA, σlnðPSA5%Þ, the standard deviation of the scaled response spectrum, denoted
σlnðPSAβ%Þ, is mainly controlled by σlnðPSA5%Þ. Based on this premise, one can approximate

Figure 15. Residuals plotted against predictor variables at T ¼ 0.2 s using data with
RRUP < 50 km.
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σlnðPSAβ%Þ by σlnðPSA5%Þ. For more accurate calculation of σlnðPSAβ%Þ, an equation is presented in
Rezaeian et al. (2014) that, in addition to σlnðPSA5%Þ, depends on σlnðDSFÞ and the correlation
coefficient between lnðDSFÞ and lnðPSA5%Þ. Sample correlation coefficients were calculated
in Rezaeian et al. (2012) for the horizontal components. Sample correlation coefficients for
the vertical component have similar behavior with damping ratio and period as those for the
horizontal component; that is, they tend to be very small at short periods and negative for
β > 5% with a high positive value of around 0.4 at very long T and β < 5%.

DSF FOR VERTICAL VERSUS HORIZONTAL

As previously mentioned the vertical component of ground motion has different char-
acteristics than the horizontal component, these characteristics were outlined in the Introduc-
tion; consequently, differences between DSFV and DSFH are expected. In the previous
section, plots of the model coefficients for the two components were compared in Figures 9
and 10. In this section, for a more direct comparison, Figure 16 shows plots of DSFV

Figure 16. Comparison between predicted median DSFV and DSFH (i.e., calculated using the
proposed models in this study) at M ¼ 6, 7, 8 and RRUP ¼ 1 km, 10 km, 50 km for 11 damping
ratios from 0.5% at the top to 30% at the bottom.
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(according to the model presented in this paper) and DSFH (according to the model proposed
in Rezaeian et al. 2014 for RotD50) at selected values ofM and RRUP. The two models follow
the same functional form but have different model coefficients. Each column in Figure 16
shows the variation of the DSF with magnitude at a specified distance, whereas each row
shows the variation of the DSF with distance at a specified magnitude. In general, the peak is
shifted toward shorter periods and is farther from unity for DSFV . The most significant dif-
ferences are seen at shorter periods, i.e., T < 0.2 s. These differences are likely due to the
richer high-frequency contents of the vertical component.

The standard deviation versus period is plotted in Figure 17 at different damping ratios
for the vertical and the horizontal components. Observe that the standard deviation for the
vertical component is a little higher than what we see for the horizontal component, with a
maximum of about 0.3. We suspect this effect is due to the “averaging” of the two horizontal
components, which is expected to reduce the standard deviation compared to the single com-
ponent used for vertical ground motion.

Two options are available to obtain vertical response spectra for damping ratios other
than 5%. The premise of this paper is based on first obtaining the 5% damped vertical
response spectra, then applying the DSFV to transform them to other target damping ratios.
An alternative approach is to first apply the DSFH to the horizontal response spectra; then,
use the V/H model for 5% damping to obtain the vertical spectra. The latter approach suffers
from the lack of V/H models for damping ratios other than 5%, and consequently, it assumes
that the V/H ratios derived using 5% damped spectral ordinates are applicable for other
damping ratios. Figure 18 shows the median V/H for various damping ratios, using the
records with distances less than 50 km that were used in this study. Observe that V/H varies

Figure 17. Comparison between the predicted standard deviation of DSFV and DSFH (i.e., cal-
culated using the proposed models in this study). Only two line types are selected in this figure to
emphasize the differences between vertical and horizontal components, legend for various damp-
ing ratios is according to Figure 11b.
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substantially with damping ratio for periods between 0.02 s to 0.2 s. Therefore, one should
exercise care if the latter method is used to obtain vertical response spectra.

CONCLUSIONS

We empirically developed a new model for the damping scaling factor of the vertical
component of ground motion, DSFV . This model can be used to scale vertical elastic
pseudo-spectral acceleration ordinates predicted at a 5% damping ratio to ordinates for
other damping ratios from 0.5% to 30%. The database of recorded ground motions used
to develop the model was a subset of the extensive NGA-West2 project database. We
used 2,229 records from 218 earthquakes with distances of less than 50 km in the regression
analysis. The validity of the resulting model for longer distances was examined by residual
analysis of the remainder of records. We observed that the general trends seen betweenDSFV
and potential predictor variables—damping ratio, spectral period, duration, magnitude, dis-
tance, and site conditions—are similar to what was observed in Rezaeian et al. (2014) for the
horizontal component scaling factor, DSFH . Damping ratio was directly included in the
model as a predictor variable. The strong influence of duration was captured by inclusion
of both magnitude and distance in the model. The functional form is the same as that ofDSFH
and is presented in Equation 4. The model coefficients are given in Table 1 for 21 spectral
periods ranging from 0.01 s to 10 s. We decided that the influence of site conditions is

Figure 18. Median V/H, vertical to horizontal spectral ratio, for various damping levels using the
database in this study with distances less than 50 km. RotD50 component is used to represent the
horizontal motion.
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negligible and did not include them as predictor variables in our model. We also developed a
model for the logarithmic standard deviation of DSFV , which is a function of the damping
ratio and spectral period and is presented in Equation 5 with coefficients given in Table 1.
Finally, we highlighted the differences between DSFV and DSFH in Figures 16 and 17. In
general, the median peak is shifted toward shorter periods and is more extreme (larger for
damping ratios less than 5%, and smaller for damping ratios greater than 5%), and the stan-
dard deviation is slightly higher for DSFV . The proposed DSFV model is applicable to shal-
low crustal earthquakes in active tectonic regions for damping ratios from 0.5% to 30%,
periods from 0.01 to 10 s, moment magnitudes between 4.5 and 8.0, and distances less
than 300 km. Because the model was developed based on recorded data, it is independent
of any specific ground motion prediction equation.
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