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SHORT COMMUNICATIONS 

EFFECTIVE QUADRATURE RULES FOR QUADRATIC SOLID ISOPARAMETRIC 

FINITE ELEMENTS 

T. K. HELLEN 

Central Electricity Generating Board, Berkeley Nuclear Laboratories, Berkeley, England

In a recent note, 1 Irons demonstrated several integration formulae for use with solid isoparametric
finite elements. The use of different formulae enabled variations in accuracy and running times to be 
achieved, and clearly one aims for the cheapest rule for a given degree of accuracy. 

One of the most successful finite elements is the 20-node isoparametric solid element, and this has
been used frequently in the CEGB. This note is mainly concerned with this particular element. The 
usual integrating rule used is the Gauss 3 x 3 x 3 rule, with 27 points per element. In certain circum­
stances, namely shell-type structures subjected to bending modes, the use of a 2 x 2 x 2 rule (8 points
per element) has been shown to give good results with rapid convergence2 in a manner very similar to 
the results of Zienkiewicz and co-workers3 using a quadratic thick shell element. 1 However, this reduced 
rule does not always give satisfactory answers in membrane modes or in shells with solid attachments,
and so, as with solid problems, alternative economies in integration techniques are desirable. 

The two most 0conomical rules giving the same order of accuracy as the Gauss 3 x 3 x 3 rule appear 
to be the 14 point rule mentioned in Reference I, and given originally by Hammer and Stroud5 and the 
slightly cheaper, slightly less accurate, 13 point rule given originally by Stroud.6 Details of the 14 point 
rule may be found in Reference 1 and are not repeated here. The 13 point rule is defined by the follow­
ing co-ordinates (in the double unit cube) and weighting coefficients: 

(0, 0, 0), coeff. A 

± (,\, (, (), ±(t, >t, (), ± (t, g, ,\), coeff. B 

± (µ, µ, ,\), ± (µ, 'Y, µ), ± (y, µ, µ), coeff. C 
where 

,\ = 0·88030430 g = - 0·49584802 

µ = 0. 79562143, y = 0·025293237 

A = 1 ·68421056, B = O· 54498736, C = 0·507644216 

One observes that the locations of the integrating points are not completely symmetric in the cube. 
In order to demonstrate the relative accuracies of these rules, 3 test problems were run using the 

3 x 3 x 3 Gauss rule, the 14 point rule and the 13 point rule. The comparisons also include results using 
the 2 x 2 x 2, 4 x 4 x 4 and 5 x 5 x 5 Gauss rules. 

Example 1 

A cantilever, encastre at one end, and of dimensions 24 x 8 x 8 units, was shear-loaded at the other 
end. Six 20-node brick elements were used, three along the length and two through the depth. The end 
deflection is shown in Table I together with the axial stress at the wall for the different integrating 
rules. The 4 x 4 x 4 and 5 x 5 x 5 Gauss rules are added to show the correctly integrated values, from 
which the percentage relative errors of the 13 and 14 point rules are derived. The 3 x 3 x 3 rule is shown 
to integrate exactly, and the 14 point rule is more accurate than the 13 point rule. In this case, the 
2 x 2 x 2 rule also gives good results since the dominant mode is bending. 
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