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Chapter 5a — Plane Frame and Grid Equations

Learning Objectives
B 8 - To derive the two-dimensional arbitrarily oriented
A First Course in the beam element stiffness matrix
Finite Element Method . -
- » To demonstrate solutions of rigid plane frames by
the direct stiffness method
» To describe how to handle inclined or skewed
supports

Plane Frame and Grid Equations

Many structures, such as buildings and bridges, are
composed of frames and/or grids.

k3

” | ﬂ. il |
- u#ﬁ‘:

This chapter develops the equations and methods for solution
of plane frames and grids.

First, we will develop the stiffness matrix for a beam element
arbitrarily oriented in a plane.




CIVL 7/8117 Chapter 5 - Plane Frame and Grid Equations - Part 1 2/52

Plane Frame and Grid Equations

Many structures, such as buildings and bridges, are
composed of frames and/or grids.

-

g - v:d ﬁ“.

We will then include the axial nodal displacement degree of
freedom in the local beam element stiffness matrix.

Plane Frame and Grid Equations

Many structures, such as buildings and bridges, are
composed of frames and/or grids.

Then we will combine these results to develop the stiffness
matrix, including axial deformation effects, for an arbitrarily
oriented beam element.

We will also consider frames with inclined or skewed supports.
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Plane Frame and Grid Equations

Two-Dimensional Arbitrarily Oriented Beam Element
We can derive the stiffness matrix for an arbitrarily oriented

beam element, in a manner similar to that used for the bar
element.

y

The local axes and are located along the beam element and
transverse to the beam element, respectively, and the global
axes X’ and y’ are located to be convenient for the total
structure.

Plane Frame and Grid Equations
Two-Dimensional Arbitrarily Oriented Beam Element

The transformation from local displacements to global
displacements is given in matrix form as:

u’ B C S||u C =cosd
v[ |-s Cllv S =sind

Using the second equation for the beam element, we can
relate local nodal degrees of freedom to global degree of
freedom:

Y v;=-Su, +Cv,
vy -S C 0,0 0 O}|v,
il_|0_0 110 0 0)j4
v, 0 O 0:—8 C 0]|u, d=Td
A 0 0 0!0 0 1]|v,

¢
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Plane Frame and Grid Equations

Two-Dimensional Arbitrarily Oriented Beam Element

For a beam, we will define the following as the
transformation matrix:

S Co0!0 00O
0 0 1.0 0 O
T: _______ 1=-======-
0 00'-SCO
0O 0 0'0 0 1

Notice that the rotations are not affected by the orientation of
the beam.

Plane Frame and Grid Equations
Two-Dimensional Arbitrarily Oriented Beam Element

Substituting the above transformation into the general form of
the stiffness matrix TTk’T gives:

u1 V1 ¢1 u2 V2 ¢2
(1282 _12SC  -6LS | -12S2  12SC  -6LS |
~12SC  12C* 6LC ' 12SC -12C° 6LC
El| -6LS 6LC  4L° |
1®| 1282 12SC  6LS | 1252 —12SC  6LS
12SC  -12C* -6LC 1-12SC  12C* -6LC
| -6LS 6LC 2L ! 6LS -6LC 4L’
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Plane Frame and Grid Equations
Two-Dimensional Arbitrarily Oriented Beam Element

Let’s now consider the effects of an axial force in the general

beam transformation.
A fay: v

,/—/m’l-@’l

RATRL

Recall the simple axial deformation, define in the spring

element: ! _AE 1 1] (u]
f,, L|-1 1]|u,

Plane Frame and Grid Equations
Two-Dimensional Arbitrarily Oriented Beam Element

Combining the axial effects with the shear force and bending
moment effects, in local coordinates gives:

.1 [c, 0 0o !-c, 0 0 Jful

o 0 12c, 6LC,, 0 -12C, B6LC, ||v]

m| 0 6LC, 4C,L2, 0 -6LC, 2C,L*||¢

(7 |=c;, "0 "o ¢, o T 0 ||u,

), 0 -12c, -6LC,, 0 12C, -6LC,||v,

my] | 0 6LC, 2C,L°, 0 -6LC, 4C,L% ||¢
C1:£ CZ—EI

L e
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Plane Frame and Grid Equations

Two-Dimensional Arbitrarily Oriented Beam Element

Therefore:
[ C, 0 0 ,-C, 0 0
0 12c, 6LC,, 0 -12C, 6LC,
wo| O _BLC, 4C,l®; 0  -BLC, 2C,L°
-C, O 0 . C, 0 0
0 -12Cc, -6LC,: 0 12C, -6LC,
|0 6LC, 2C,l21 0 -6LC, 4C,L

The above stiffness matrix include the effects of axial force in
the x’ direction, shear force in the y’ direction, and bending
moment about the z’ axis.

Plane Frame and Grid Equations

Two-Dimensional Arbitrarily Oriented Beam Element

The local degrees of freedom may be related to the global
degrees of freedom by:

ul [C S 0!'0 0 0]y,
v/ |-S C 0,0 0 0f|v,
4|0 0 1:0 0 0fjg|  d=Td
u, 0 0 0;C S 0|y,
v, 0 0 0,-S C 0f|v,
#] |0 0 0.0 0 1]|4

where T has been expanded to include axial effects
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Plane Frame and Grid Equations

Two-Dimensional Arbitrarily Oriented Beam Element

Substituting the above transformation T into the general form
of the stiffness matrix gives:

ac?+ g (A 12)es Blg | (ac?i Mg Afg cs -8
L L2 L [ E L

1
1
1
1
ASZ+EC2 %C 1 —(A—%jcs —[ASZ+ECZJ 9C
1
1

L2 L2 L
E 41 QS —QC 2l
(k] =L B L
I
ac? + 12 g2 (A—%)CS %s
symmetric AS? +%C2 8
L L
4]

Plane Frame and Grid Equations

Two-Dimensional Arbitrarily Oriented Beam Element

The analysis of a rigid plane frame can be accomplished by
applying stiffness matrix.

Arigid plane frame is: a series of beam elements rigidly
connected to each other; that is, the original angles made
between elements at their joints remain unchanged after the
deformation.
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Plane Frame and Grid Equations

Two-Dimensional Arbitrarily Oriented Beam Element

Furthermore, moments are transmitted from one element to
another at the joints.

Hence, moment continuity exists at the rigid joints.

Plane Frame and Grid Equations

Two-Dimensional Arbitrarily Oriented Beam Element

In addition, the element centroids, as well as the applied
loads, lie in a common plane.

We observe that the element stiffnesses of a frame are

functions of E, A, L, |, and the angle of orientation & of the
element with respect to the global-coordinate axes.
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Plane Frame and Grid Equations

Rigid Plane Frame Example 1

Consider the frame shown in the figure below.

10 ft

|

10,000 Ib

= /

1
ENNNNY

©)

®

5 ft —=

4

5000 Ib-in.
7] __

N\

The frame is fixed at nodes 1 and 4 and subjected to a
positive horizontal force of 10,000 Ib applied at node 2 and to
a positive moment of 5,000 Ib-in applied at node 3.

Plane Frame and Grid Equations

Rigid Plane Frame Example 1

Consider the frame shown in the figure below.

10 ft -l
10,000 Ib
-
2 @)
® ®
y
5 ft —
) 4
N\\Y BN\

5000 Ib-in.
7] __

Let E = 30 x 108 psi and A = 10 in? for all elements, and let | =
200 in* for elements 1 and 3, and | = 100 in* for element 2.
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Plane Frame and Grid Equations

Rigid Plane Frame Example 1 00,

2

Element 1: The angle between x and x’ is 90°

C=0 S =1

Plane Frame and Grid Equations

Rigid Plane Frame Example 1 00,

Element 1: The angle between x and x’ is 90°

U Vi ¢1 U, vy ¢2
(0167 0 -10'-0.167 0 -10]
0 0 0, 0 10 O
k™ = 250,000 _flq___9__§99i__1_0____9__f199 b,
-0.167 0 10 10.167 0 10 |/In
O -10 0! 0 10 0
. -10 0 400 10 0 800 ]
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Plane Frame and Grid Equations

Rigid Plane Frame Example 1 00,

2

Element 2: The angle between x and x’ is 0°

C=1 S=0
122| =12(102)=0.0835 in2 g=6(100
L (120) L 120

E 30x10° b
=120 _250,ooo/n3

Plane Frame and Grid Equations

Rigid Plane Frame Example 1 00,

2

Element 2: The angle between x and x’ is 0°

u2 V2 ¢2 u3 V3 ¢3
10 0 0 '-10 © 0
0O 00835 5 ;0 00835 5
k? = 250,000 _(_)____§___f'QQi_Q______S____ZQ(_) b,
10 0 0 110 0 0 |/In
0 00835 -5'! 0 00835 -5
0 5 200, 0 -5 400
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Plane Frame and Grid Equations

Rigid Plane Frame Example 1 00,

Element 3: The angle between x and x’ is 270°

C=0 S=-1
121_12(200) _ 4672 1 _8(200) _ 44 ¢ in?
7 = (120) L 120

E_30><106_ b
=120 _250,000413

Plane Frame and Grid Equations

Rigid Plane Frame Example 1 00,

2

Element 3: The angle between x and x’ is 270°

u3 V3 ¢3 u4 V4 ¢4
(0167 0 10 1-0.167 0 10 ]

0 10 0 0 -10 0

10 0 800, -10 0 400,

K® = 250,000 - - -~ oo oo S .
. 0167 0 —10|/in
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Plane Frame and Grid Equations

Rigid Plane Frame Example 1 oson_ rypewe

2

The boundary conditions for this problem are:

u1=V1=¢1=u4:V4:¢4:0 L

After applying the boundary conditions the global‘beam
equations reduce to:

u2 V2 ¢2 u3 V3 ¢3
10,000 [10.167 0 10 : -10 0 0 1[u,
0 0 10.0835 5 10 -0.0835 5 v,
0 | _pgqge| 10 512001 0 ___-5__ 2004
0 -10 0 0 10.167 0 10 3
0 0 -0.0835 -5 : 0 10.0835 -5 ||v,
5,000 | 0 5 200 ! 10 -5 1200 | | ¢,

Plane Frame and Grid Equations

Rigid Plane Frame Example 1

Solving the above equations gives:  |U, 0.211in
v, 0.00148 in
o, —-0.00153 rad
q u, 0.209in
N Vv, -0.00148 in
4| |-0.00149 rad

D

A
N
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Plane Frame and Grid Equations
Rigid Plane Frame Example 1
Solving the above equations gives:

Plane Frame and Grid Equations
Rigid Plane Frame Example 1
Element 1: The element force-displacement equations can
be obtained using f’ = k’Td. Therefore, Td is:
C s0;0 0O
s colo 0o
;|0 0 150 00 C=0 S=1
o 0 01c s 0
0 00,-sCO
0 0010 0 1
[0 10 0 0 Offu =0 0
-100 O O O}|v,=0 0
Td_001000¢1=0 ]o
|10 00 0 1 0|]u,=0.211in | 0.00148in
0 00 -10 0]fv,=0.00148in -0.211in
|0 00 0 0 1]|¢,=-0.00153rad -0.00153 rad
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Plane Frame and Grid Equations
Rigid Plane Frame Example 1
Element 1: Recall the elemental stiffness matrix is:

_ AE _10in®(30x10°psi)

¢ o oy 0 07 , = 25x10° 1,
0 12¢, 6LC,|] 0 -12C, 6LC, L 120in
K= 0 6LC, 4C,l*1 0 -6LC, 2C,°
T T T 7o Te, T 0T T o
0o -12¢c, -6lc,! 0 12c, -6LC, El 200in* (30><1O6 psi)
0 6c, 22! 0 -elc, ac ) =3 = — =3,472.22 %
L (120in)

The local force-displacement equations are:

10 0 0 : -10 0 0o1[o0

0 04167 10 : 0 -0.167 10 0

fO —KTd=25x10%| -~~~ -~~~ - 800 0 __Z10__200)] 0 ,
0.00148 in

0 -0.167 -10; 0 0.167 -10||-0.211in

400, 0 -10 800]|-0.00153 rad

Plane Frame and Grid Equations

Rigid Plane Frame Example 1
Element 1: Simplifying the above equations gives:

f1,x _3’700 lb 3700 Ib
f1'y 49901Ib 223,000 Ib-in AN o
m; 376 k -in B
= ®
f 3,700 Ib
5, ~4,990 Ib ] 1
m, 223k -in R w00

|
[
. /l/wm Ib




CIVL 7/8117

Chapter 5 - Plane Frame and Grid Equations - Part 1

Plane Frame and Grid Equations

Rigid Plane Frame Example 1

Element 2: The element force-displacement equations can
be obtained using f’ = k’Td. Therefore, Td is:

C S 010 00
s col'o oo
T:_O__O_L:_O_Q_O_ C=1 S=0
0 0 0IC S O
) 0:75 co
0 0010 0 1
1 0 0 0 0 O] u, =0.211in 0.211in
01 00O0DO v, =0.00148in 0.00148in
Td- 0 01 0O0 O0||¢,=-0.00153rad B -0.00153 rad
100010 0f] u,=0.209in ] 0.209in
0 000 1 0||v;=-0.00148in -0.00148in
0 0000 1] ¢, =-0.00149 rad -0.00149 rad

Plane Frame and Grid Equations
Rigid Plane Frame Example 1
Element 2: The local force-displacement equations are:

c :E:1Oin2(30x106psi)

¢ 0 0 ;¢ o0 0 =2.5x10°1/
0 12¢c, 6LC,| 0 -12C, 6LC, ! L 120in "
0 6LC, 4C,l*1 0 -6LC, 2C,°
Keler =~ 0 TE "0 "0 ) )
0o -12¢c, -6lc,! 0 12c, -6LC, gl 100in* (30><106 pSI)
0 6LC, 2C,U o -6LC, 4C,° 2 =73 3 =1736.11"%,
L (120in)
The local force-displacement equations are:
10 0 0 : -10 0 0 ][ 0.211in
0 0.0833 5 : 0 -0.0833 5 0.00148in
£0 _kTd = 25x10° _0_ L _5_ o _4_09 :_ _0_ . _—_5_ _ _2_0_0 —0.00153 rad
-10 0 0 1 10 0 0 0.209in
0 -0.0833 -5 : 0 0.0833 -5 ||-0.00148in
| O 5 200: 0 -5 400 | [-0.00149 rad
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Plane Frame and Grid Equations

Rigid Plane Frame Example 1
Element 2: Simplifying the above equations gives:

f,, 5,0101b _
f2’y —3,700 Ib 221,000 lb-in.
. 501016~ _ 1o0a N
m, -223k-in| == S R
= 2| 7 223,000 lb-in.
f;, -5,0101b /
f3/y 3’700 |b 3700 Ib 3700 1b
m; —221k -in

Plane Frame and Grid Equations
Rigid Plane Frame Example 1
Element 3: The element force-displacement equations can
be obtained using f’ = k’Td. Therefore, Td is:
C s0;0 0O
s colo oo
T:_o__o_1_:_o_9_o_ Cc=0 S=-1
0 0 0IC S O
0 00,-sCO
0 0010 0 1
[0 10 0 0 O] u;=0.209in 0.00148 in
1 0 00 0 O0f|vy;=-0.00148in 0.209in
Td- 0 0 10 0 0|¢=-0.00149rad| |-0.00149 rad
|10 0 00 -1 0]] u=0 ] o
0O 0 01 0 0} v,=0 0
0 0 00 O 1] ¢=0 0
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Plane Frame and Grid Equations

Rigid Plane Frame Example 1
Element 3: The local force-displacement equations are:
_AE _10in*(30x10°psi)

G 0 0 16 © 0 C, - =2.5x10°1y
0 12¢, 6LC,1 0 -12C, 6LC, L 120in
0 6LC, 4C,l*1 0 -6LC, 2C,°

K=l o e 2 20 L 2
< "o o T¢, ™o 0 ., . .
0o -1, -6c,! 0 12c, -sLC, gl 200in (30><10 pSI) .
0o elc, ' 0 -6lc, ac’ 2 =73 = — =3,472.22 1y,

L (120in)

The local force-displacement equations are:

10 0 0 :—10 0 0 0.00148in
0 0167 10 ' 0O -0.167 10 0.209in

I
0 10 8001 0O -10 400 ||-0.00149 rad

f® =kTd=25x10%| - - - - - --— == e T
-10 0 0 110 0 10 0

0 -0.167 -10: 0 0.167 -10|| 0
I

0 10 400, O -10 800|| O

Plane Frame and Grid Equations

Rigid Plane Frame Example 1
Element 3: Simplifying the above equations gives:

fi 3,700 Ib oow
f3y 5,010 Ib f? ot
m;| 226 k -in /)
f, [ ]-3,7001b i
fay ~5,010 b

. o0l
m; 375 k ' In \-T)}?S,[l[![! Ib-in.

3700 1b
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Plane Frame and Grid Equations
Rigid Plane Frame Example 1
Check the equilibrium of all the elements:

221,000 Ib-in.
120 in. —-
501016 7 .
——— [ Ja— so1im
S 3
2| #223,000 Ib-in.
3 3700 Ib
3700 b 3700 Ib 3700 b |
223,000 lbin ’/1\116,[1[1[1 Io-in.
2 4990 Ib §
Nl 5010 1b l 4
X
| 120in 120 in.
X
376,000 Ib-in f-é- —

i 4990 Ib
; /ijm Ib

(
\—1)375,[!0[1 Ib-in.

3700 1b

Plane Frame and Grid Equations
Rigid Plane Frame Example 2

Consider the frame shown in the figure below.
1000 Ib/ft

)
]
P—
—
| t—
—
—
A\Y

\ l-—]Ufl———

The frame is fixed at nodes 1 and 3 and subjected to a

positive distributed load of 1,000 Ib/ft applied along element 2.

Let E = 30 x 108 psi and A = 100 in? for all elements, and

let I = 1,000 in* for all elements.
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Plane Frame and Grid Equations
Rigid Plane Frame Example 2

First we need to replace the distributed load with a set of
equivalent nodal forces and moments acting at nodes 2 and 3.

For a beam with both end fixed, subjected to a uniform
distributed load, w, the nodal forces and moments are:

¢ ¢ —_wL_ (1000Ib/ft)40ft

o =hy = 5 =-20k
2 2
m, = —m, = _v;/; _ _(1,000Ib1/;t)(40ft) 133,333 Ib-ft
=1600k-in

Plane Frame and Grid Equations
Rigid Plane Frame Example 2

If we consider only the parts of the stiffness matrix associated
with the three degrees of freedom at node 2, we get:

Element 1: The angle between x and x’ is 45° LTI

C =0.707 S =0.707
P
121 __1201000) _ g4g3in2 BL__6(1000) _ 44 755y
¥ (12><30J§) L 12x3042
E 30x10°

— ==~ -58.93K/
L~ 12x302 Ko
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Plane Frame and Grid Equations
Rigid Plane Frame Example 2

If we consider only the parts of the stiffness matrix associated
with the three degrees of freedom at node 2, we get:

Element 1: The angle between x and x’ is 45°
u2 V2 ¢2
50.02 49.98 8.33 (VA )
k" =5893/49.98 50.02 -8.33|K * e

8.33 -8.33 4000

u2 V2 ¢2
2048 2945 491
k" =|20945 20948 —491 %

491 491 235,700

Plane Frame and Grid Equations
Rigid Plane Frame Example 2

If we consider only the parts of the stiffness matrix associated
with the three degrees of freedom at node 2, we get:

Element 2: The angle between x and x’ is 0° [T

C=1 S=0 4
o]
121 _120000) _ 4 g5p1inz O - 81000 _ 45 5iqe
L"  (12x40) L 12x40
E 30x10°
—= = 525K/
L 12x40 Ko
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Plane Frame and Grid Equations
Rigid Plane Frame Example 2

If we consider only the parts of the stiffness matrix associated
with the three degrees of freedom at node 2, we get:

Element 2: The angle between x and x’ is 0°
u2 V2 ¢2
100 O 0
(2) _ k
k?=6250 0 0052 125k
0 125 4,000

u2 V2 ¢2
6,250 0 0
(2) _ k
k® = 0 3.25 781.25 A]

0 781.25 250,000

Plane Frame and Grid Equations
Rigid Plane Frame Example 2

The global beam equations reduce to:

0 9,198 2,945 491 )
-20k =12,945 2,951 290 |qv,
-1,600k -in 491 290 485,700 || ¢,
\ Nodal equivalent forces
Solving the above equations gives:
u, 0.0033in
v, r=1-0.0097 in

4,] |-0.0033 rad
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Plane Frame and Grid Equations

Rigid Plane Frame Example 2

u, 0.0033in
Vv, r=<-0.0097 in
@, —0.0033 rad

Plane Frame and Grid Equations

Rigid Plane Frame Example 2
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Plane Frame and Grid Equations

Rigid Plane Frame Example 2

Element 1: The element force-displacement equations can be
obtained using f = k’Td. Therefore, Td is:

(0707 0707 0! © 0o o]fo 0
-0.707 0707 0! 0O 0o of|o 0
Tq|l- 0 __0 _ 1t 0 __0_ofo _Jo

0 0 010707 0707 0| 0.0033in -0.00452in

0 0 0 1-0.707 0.707 0||-0.0097 in ~0.00921in

0 0 0. 0 0 1/(-0.0033rad] |-0.0033rad

Recall the elemental stiffness matrix is a function of
values C,;, C,, and L
AE  (100)30x10°
C,=—=1"""—
L 12x 3042

El  30x10°(1,000
= 5,893 &/, cz—_:M

- ~ 02273/
C (12x3042) o

Plane Frame and Grid Equations
Rigid Plane Frame Example 2
Element 1: The local force-displacement equations are:

(5893 0 10 ,-5893 0 0o ][o

0 2730 6948 | 0 -2730 6948 || 0

o 10 6948 117,9001 0  -694.8 117,000 || O
fl=kTd=|— -~ - - = -2 === S I et _
-5893 0 0 1,593 0 0 -0.00452in
0 -2730 6948 | 0 2730 -694.8 ||-0.0092in
0 6948 117,000! 0  —694.8 235800](-0.0033 rad

Simplifying the above equations gives:

f,
]
m
%
f2’y

’
m2

26.64 k
—2.268 k
-389.1k -in

—26.64 k
2.268 k
-778.2k-in

T78.2 k-in

)

&

3

/s

389.1 k-in.

|\/
2.268 kip

L

26.64 kip

26.64 kip

A
/Z.ZGH kip
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Plane Frame and Grid Equations

Rigid Plane Frame Example 2

Element 2: The element force-displacement equations can be
obtained using f = k’Td. Therefore, Td is:

10 0'0 0 0]( 0.0033in 0.0033 in

0 1010 0 0[-0.0097in ~0.0097 in

00 1100 0/|-00033rad| |-0.0033 rad
Td=|--=--- = -

000i100|]0 0

0000 10|/l0 0

0 00,00 1[0 0

Recall the elemental stiffness matrix is a function of
values C;, C,, and L

=£= (100)30x10°
L 12x40

6
=6’250%n szﬂzw:

c
1 L (12x40)

0.2713 %,

Plane Frame and Grid Equations

Rigid Plane Frame Example 2
Element 2: The local force-displacement equations are:

(6,250 0 0 1-6250 O 0 7(-0.0033in
0 325 7811 ' 0 -325 78141 ||-0.0097in
o 0 7811 250,0000 O  -781.1 125,000 ||-0.0033 rad
£, =KTd=|- == -~ =~ =-===" A m et 2T
6,250 0 0 16250 0 0 0
0 -325 -781.1, 0 325 -781.1 | 0
0 7811 125000' 0  -781.1 250,00 || O

Simplifying the above equations gives:

20.63k
-2.58 k
-832.57 k -in
—-20.63 k
2.58k
-412.50k -in

k'd =
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Plane Frame and Grid Equations

Rigid Plane Frame Example 2

Element 2: To obtain the actual element local forces, we must
subtract the equivalent nodal forces.

f=kd\—f0 \

£ 20.63 k 0 20.63 k
f, —2.58k —20 k 17.42 k
m;| |-832.57k-in| |-1600k-in| | 767.4k-in
/[ ] 2063k [ 0 "] 2063k
) 2.58 k —20k 22.58 k
m,] |-412.50k-in] | 1600k-in| |-2,013k-in

Plane Frame and Grid Equations

Rigid Plane Frame Example 2
The local forces in both elements are:

Element 1 Element 2

26.64 kip 1,00 KR 2013 k-in.

20.63 ki l I

P i\, \/ N 5063 kip
767.4 k-inX 12 ©) 3
40 ft
2.268 kip 17.42 kip 22.58 kip
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Plane Frame and Grid Equations
Rigid Plane Frame Example 3

In this example, we will illustrate the equivalent joint force
replacement method for a frame subjected to a load acting on
an element instead of at one of the joints of the structure.

: 7
K

15k 40 ft

l-— 20 fit 201 T 30 ft

Since no distributed loads are present, the point of application
of the concentrated load could be treated as an extra joint in
the analysis.

Plane Frame and Grid Equations
Rigid Plane Frame Example 3

In this example, we will illustrate the equivalent joint force
replacement method for a frame subjected to a load acting on
an element instead of at one of the joints of the structure.

l-— 20 fit 201 T 30 ft

This approach has the disadvantage of increasing the total
number of joints, as well as the size of the total structure
stiffness matrix K.
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Plane Frame and Grid Equations
Rigid Plane Frame Example 3

In this example, we will illustrate the equivalent joint force
replacement method for a frame subjected to a load acting on
an element instead of at one of the joints of the structure.

: 7
K

15k 40 ft

l-— 20 fit 201 T 30 ft

For small structures solved by computer, this does not pose a
problem.

Plane Frame and Grid Equations
Rigid Plane Frame Example 3

In this example, we will illustrate the equivalent joint force
replacement method for a frame subjected to a load acting on
an element instead of at one of the joints of the structure.

l-— 20 fit 201 T 30 ft

However, for very large structures, this might reduce the
maximum size of the structure that could be analyzed.
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Plane Frame and Grid Equations

Rigid Plane Frame Example 3

In this example, we will illustrate the equivalent joint force
replacement method for a frame subjected to a load acting on
an element instead of at one of the joints of the structure.

: 7
K

15k 40 ft

l-— 20 fit 201 T 30 ft

The frame is fixed at nodes 1, 2, and 3 and subjected to a
concentrated load of 15 k applied at mid-length of element 1.
Let E =30 x 108 psi, A= 8in2, and let | = 800 in* for all
elements.

Plane Frame and Grid Equations

Rigid Plane Frame Example 3

1. Express the applied load in the
element 1 local coordinate
system (here X’ is directed from Saakp
node 1 to node 4). 4

13.42 kip

6.71 kip

2. Next, determine the equivalent
joint forces at each end of
element 1, using the Table D-1
in Appendix D.

M= L (from Appendix D)
_ (13.42)44.7 % 12)
h 8

= 900 k-in.

900 k-in.

3.36 kip
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Plane Frame and Grid Equations
Rigid Plane Frame Example 3
m y
[——
A [
Table D=1 Single element equivalent joint forces [ for different types of loads e Positive nodal Farce conventions |
fis " Loading case 1,
P PL F PL
1 5 - 5 T
P (L4 r Pa*(L + 2b r
[ [3 I3 I
F 1 = a)PL F | —a)PL
I .Il.jl_.‘ I W L.'
% iz E
1 1 Iwl wi?
TN T ] ED
wi i wi Swl?
§ 4 3 4 9%
(Contimiee {

Plane Frame and Grid Equations

Rigid Plane Frame Example 3

3. Then transform the equivalent joint forces from the local
coordinate system forces into the global coordinate system
forces, using the equation: f=T'f' 900 ki

7.5 kip

These global joint forces are:
@®

7.5 kip
900 k-in.

4. Then we analyze the structure, using the equivalent joint
forces (plus actual joint forces, if any) in the usual manner.

5. The final internal forces developed at the ends of each
element may be obtained by subtracting Step 2 joint forces
from Step 4 joint forces.
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Plane Frame and Grid Equations
Rigid Plane Frame Example 3

Element 1: The angle between x and X’ is 63.43° (from nodes 1 to 4)

C =0.447 S =0.895

121 12(800)

- 5 =0.0334 in?
L*  (12x44.7)

6 6(800) | DR 2

T = Tonag7 - 8950 9.0 178 448
K"=|178 359 244 |y,

E_30x10° .- % 448 244 179,000

L 12447 7 /ind

Plane Frame and Grid Equations
Rigid Plane Frame Example 3

Element 2: The angle between x and X’ is 116.57° (from nodes 2 to 4)

C = -0.447 S=0.895
121 12(800) .
g _=0.0334 in
®  (12x44.7)
6 6(800) L, a z 2
T T Towaa 7 - 899I 90.0 -178 448
L 12x44.7 :
K2 =|_178 359 244 i
6
E=M=55gys 448 244 179,000
L 12x44.7 in
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Plane Frame and Grid Equations

Rigid Plane Frame Example 3

Element 3: The angle between x and X’ is 0° (from nodes 4 to 3)
C=1 S=0

121 12(800)

e 50)2=0.0267in2
X

6l 6(800) . . 4 oo 2

T “12x50 000 400 0 0
K9=| 0 1334 400 |y,

E _30x10° _ .4, K 0 400 160,000

L 12x50 in?

Plane Frame and Grid Equations

Rigid Plane Frame Example 3

The global beam equations reduce to:

75k | [582 0O 896 ] (u,
0 = 0 719 400 |{v,
—900k-in| |896 400 518,000 ||g,

Solving the above equations gives:

u, —-0.0103 in
v, =4 0.000956 in

4

@, -0.00172rad
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Plane Frame and Grid Equations

Rigid Plane Frame Example 3

Element 1: The element force-displacement equations can be

obtained using f = k’Td C S0,0 00
S C0!0 00
C =0.447 S =0.895 r-|-0.9.1,0 00
0 00iC S 0
0 00,8 C O
|0 00,0 0 1]
[ 0.447 0.895 0| 0 0 o]( o 0
~0.895 0447 0! 0 0 of o 0
Ta-|-2_..0 __1;°0 0 00 _) 0
| o 0 01 0447 0.895 0 (|-0.0103in [ |-0.00374in
0 0 0 1-0.895 0.447 0 || 0.000956 in 0.00963 in
0 0 0, 0 0 1](-0.00172rad] |-0.00172rad
Plane Frame and Grid Equations
Rigid Plane Frame Example 3
Element 1: Recall the elemental stiffness matrix is:
‘c, O 0o '-c, O 0
0 12c, 6LC,, 0 -12C, 6LC,
o_| 0. 6LC, 4cl’ | 0 -BLC, 2C,2
|l-c, 0 0 'C 0 0
0 -12C, -6LC,, 0 12C, -6LC,
| 0 6LC, 2C,l21 0 -6LC, 4C,?

_AE _(8)30x10°
VUL 12x44.72

—4472%/

C,

_El_30x10°(800)
L (12x44.72)’

=0.155 ¥,
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Plane Frame and Grid Equations

Rigid Plane Frame Example 3

Element 1: The local force-displacement equations are:

f, =kTd=

fi) —kd -

[ 447 0 0 1447 O 0 0
0 1.868 500.5 : 0 -1.868 500.5 0
_0__500.5 179,000 | O _ -5005 89490 || O
-447 0 0 : 447 0 0 —-0.00374 in
0 -1.868 -500.5 : 0 1.868 -500.5 0.00963 in
0 500.5 89490 ' O -500.5 179,000_' —-0.00172rad ,
167k k"“ T'd
-0.88 k
—-158 k -in
-1.67k
0.88k
-311k-in

Plane Frame and Grid Equations

Rigid Plane Frame Example 3

Element 1: To obtain the actual element local forces, we must
subtract the equivalent nodal forces.

f=kd—f,
N N\

£
f !

1y

fix
f!

4y

m; —158k-in

m; =311k -in

1.67 k
-0.88 k

-1.67k
0.88 k

-3.36 k
6.71k
900 k -in
-3.36k
6.71k
-900k-in

5.03 k
-7.59k
—-1,058 k -in
1.68 k
-5.83 k
589k -in
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Plane Frame and Grid Equations

Rigid Plane Frame Example 3

Element 2: The element force-displacement equations can be

obtained using f = k’Td C S0,0 00
S C0!0 00
C=-0447 S=0895 . |0 _0.1:0 00
0 00iC S 0
0 0 0;S C 0
0 00,0 0 1]
[-0.447 0895 0! 0 0 o]fo 0
-0.895 -0.447 0! 0 0 oo 0
Tqo| 0.0 11 0 0 oo o
) 0 01-0447 0.895 0[|-0.0103in [ | 0.00546in
0 0 0,-0.895 -0.447 0|| 0.000956in 0.00879 in
| 0 0 0, O 0 1][-0.00172rad| |-0.00172rad
Plane Frame and Grid Equations
Rigid Plane Frame Example 3
Element 2: Recall the elemental stiffness matrix is:
‘c, O 0o '-c, O 0
0 12c, 6LC,, 0 -12C, 6LC,
o_| 0 BLC, 4C2 1 0 -6LC, 2C,I°
|l-c, 0 0 'C 0 0
0 -12c, -6LC,| 0 12C, -6LC,
| 0 6LC, 2C,L21 0 -6LC, 4C,* |

_AE _ (8)30x10°

= =447.2 C,=—=
UL 12x44.72 Yo 2

_El_ 30x10°%(800)
L (12x44.72)’

=0.155 ¥,
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Plane Frame and Grid Equations

Rigid Plane Frame Example 3

Element 2: The local force-displacement equations are:

(447 0 0 1447 0 0 0
0 1868 5005 | O -1.868 500.5 0
¢ _kTd|- 0. 5005 179,000, O _ 5005 89,490 0
@ —447 0 0 447 0 0 0.00546 in
0 -1.868 -5005 | 0 1.868 —500.5 || 0.00879in
| 0 5005 89,490 ' 0 -500.5 179,000]|-0.00172rad]
-2.44k k,'m Td
-0.877k
£, —Kd = -158 Kk -in
244k
0.877k
~312k-in

Plane Frame and Grid Equations

Rigid Plane Frame Example 3

Element 2: Since there are no applied loads on element 2,
there are no equivalent nodal forces to account for.

Therefore, the above equations are the final local nodal forces

f(!z) — k!d! —

—2.44 k
-0.877 k
-158 Kk -in
244k
0.877k
-312k-in
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Plane Frame and Grid Equations
Rigid Plane Frame Example 3
Element 3: The element force-displacement equations can be
obtained using f = k’Td [C s 0,0 0 0O
s colo 00
C=1 S=0 7_l0_0_110 00
0 001C SO
0 0 0,-S C 0
0 00,0 0 1]
(10 0,0 0 0](-0.0103in -0.0103 in
0 10!0 0 0| 0.000956in 0.000956 in
Tq-|0_0 110 0 01/-0.00172rad| _|-0.00172rad
000,10 0|0 ] o
000,010} o0 0
10 0 0,0 0 1]| 0 0

Plane Frame and Grid Equations

Rigid Plane Frame Example 3

Element 3: Recall the elemental stiffness matrix is:

c, O 0o !-c, O 0
0 12c, 6LC,, 0 -12C, 6LC,
wo| 0. BLC; 4citi 0 -elc, 2oy
Cc, 0 0 'c, 0 0
0 -12Cc, -6LC,! 0 12C, -6LC,
| 0 6LC, 2C,l21 0 -6LC, 4C,?

c _AE _ (8)30x10°
L 12 x50

El 30x10°(800)
=400¥, C,=F=——"—"7"=0111%
C U (12x50)
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Plane Frame and Grid Equations

Rigid Plane Frame Example 3

Element 3: The local force-displacement equations are:

(400 0 0 1-400 0 0 -0.0103in
0 1335 400 | O -1.335 400 || 0.000956in
¢ _KTd-|-O___400_ 160,000 . 0 400 80,000 ||-0.00172rad
® 400 0 0 ,400 O 0 0
0 -133 400 ! 0 1335 -400 0
[ 0 400 80000' O 400 160,000 0 ,
412k k,'m Td
~0.687 k
k- —275k-in
412k
0.687 k
~137k-in

Plane Frame and Grid Equations

Rigid Plane Frame Example 3

Element 3: Since there are no applied loads on element 3,
there are no equivalent nodal forces to account for.

Therefore, the above equations are the final local nodal forces

275 k-in.

4.2 klpﬂ £\ 412 kip
. lq G son 3T '11.17 o

0.687 kip 0.687 kip

0877 kip 47, =X

0.877 kip

158 k-in

5.03 kip .44 kip




CIVL 7/8117

Chapter 5 - Plane Frame and Grid Equations - Part 1

Plane Frame and Grid Equations

Rigid Plane Frame Example 4

The frame shown below is fixed at nodes 2 and 3 and subjected
to a concentrated load of 500 kN applied at node 1.

For the bar, A =1 x 103 m2, for the beam, A =2 x 103 m?,

=5x10°m4 and L =3 m. Let E = 210 GPa for both
elements.

Plane Frame and Grid Equations

Rigid Plane Frame Example 4

Element 1: The angle between x and x’ is 0°

120 _1265x107) _ g 67,10 m? 1
@7 '
500 kN

6l _6(5x10°) 0. s o e
) ’ 2 0 0

M _ 3 KN
£ _20ar0r_, K!=70x10°10 0.067 0.10 N/
L 3 0 0.10 0.20
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Plane Frame and Grid Equations
Rigid Plane Frame Example 4

Element 2: The angle between x and x’ is 45°

C=0.707 S=0.707

Uy vy S00 kN

-3 112 6
(o 10°m (210x10 k%z){o.s 0.5}%

424 m 0.5 0.5
u, vy

K@ _70x 100|034 0354,
0.354 0.354

Plane Frame and Grid Equations
Rigid Plane Frame Example 4

Assembling the elemental stiffness matrices we obtain the
global stiffness matrix:

2354 0354 O
K=70x10%0.354 0.421 0.10 |«

0 0.10 0.20

500 kN

The global equations are:

0 2354 0.354 O u,
—~500 kNt =70x10°k/10.354 0.421 0.10 |1V,

0 0 0.10 0.20||4
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Plane Frame and Grid Equations

Rigid Plane Frame Example 4
Solving the above equations gives:

u, 0.00388 m
V,r=4-0.0225m
) 0.0113 rad

500 kN

Plane Frame and Grid Equations

Rigid Plane Frame Example 4

Bar Element: The bar element force-displacement equations
can be obtained using f = k’Td

C=0.707 S =0.707

u1
fol AE[ 1 —-1]|C S 0 0]]v,
] L|-1 1]J0 0 C S]||u,
500 kN
Vs 670 kN
f, = 'A‘—I_E(Cu1 +Sv,) =-670 kN

AE

fl =-1=
3x |_

(Cu, +Sv,)=670kN
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Plane Frame and Grid Equations

Rigid Plane Frame Example 4

Beam Element: The bar element force-displacement equations

d=Td=| - ---~ HRA

0.00388 m
-0.0225m

0.0113 rad

0

0

0

500 kN

0.00388 m
-0.0225m

0.0113 rad

0

0

0

Plane Frame and Grid Equations

Rigid Plane Frame Example 4

Beam Element: The bar element force-displacement equations

can be obtained using f = k’Td

C, 0 0 1-C,
|

0 12C, 6LC,: 0

0 6LC, 4C,L2, 0

AE  (0.002)210x10°

C,=—=
L 3

El 210x10%(

0 0

-5
C,=— 5x107) _ 38889 wy,

a (3)

500 kN

=140x10° WY/
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Plane Frame and Grid Equations

Rigid Plane Frame Example 4

Beam Element: The bar element force-displacement equations

can be obtained using f = k’Td

f, =k'd' =70x10°

2 0 20 0 0.00388 m
0 0067 010 10 -0.067 0.10]|[-0.0225m
0 010 020 0 -0.10 0.0/ 0.0113kN-m
2 0 12 0 0 0
0 -0.067 -0.10 | 0 0.067 -0.10|| O
Lo o010 010 '0 -010 020]| 0
473 kN kh d
~26.5kN
0.0 ’) 00kN-m (D) ,32" Tm
-473 kN —— 473 kN
265 kN 473 kN | Im “2
—78.3kN-m 6.3 kN 26.5 kN

Plane Frame and Grid Equations

Rigid Plane Frame Example 4

500 kN

670 kN

78.3kN -m

,A 0.0kN - m @
—a Ty 473 kN
4T3KN | — <12 )

3

26.5 kN
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Plane Frame and Grid Equations
Rigid Plane Frame Example 5

The frame is fixed at nodes 1 and 3 and subjected to a moment
of 20 KN-m applied at node 2

Assume A=2x102m?2, 1 =2x 104 m?, and E = 210 GPa for all
elements.

NN

/\20 kN -m
9

“ !

- S5m—m

1]
ANNN\Y

Plane Frame and Grid Equations
Rigid Plane Frame Example 5
Element 1: The angle between x and x’ is 90°
C:O S=1 '/Z-\JZUKNvm _E‘
" 5m
122' :12(2X120 ) 15x10*m?
L (4)
_4 1
ﬂ:m:3x10—4m3
L 4
6
E 21007 _ 5 55107y,
L 4 m up Va %
H s of k ated 0.015 0 0.03
e parts of k associate ) _ 5
with node 2 are: k™ =5.25x10°1 0 2.0 9%
0.03 0 0.08
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Plane Frame and Grid Equations

Rigid Plane Frame Example 5

Element 2: The angle between x and x’ is 0°

C =1 S=0 Qmw yp‘
4
121 _12(2x107) _ g 6x10*m?
L (5)
» |
O _82x107) _ 5 4x104m?
L 5
6
E 210107 _ 4 2107wy,
L 5 m u2 V2 ¢2

2 0 0
k@ =4.2x10°|0 0.0096 0.024 |«v/
0 0.024 0.08

The parts of k associated
with node 2 are:

Plane Frame and Grid Equations

Rigid Plane Frame Example 5

Assembling the elemental stiffness matrices we obtain the
global stiffness matrix:

(\ZUkNvm P‘
i ! Sm j
0.8480 O 0.0158
K=10°%0 1.0500 0.0101 |« |
0.0158 0.0101 0.0756 :
The global equations are:
0 0.8480 O 0.0158 | |u,
0 =10°| 0 1.0500 0.0101 |1v,

20KkN-m 0.0158 0.0101 0.0756 || ¢,
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Plane Frame and Grid Equations
Rigid Plane Frame Example 5

Solving the above equations gives:

U,

%,

—4.95x10°m
V, r=1-2.56x10"m

2.66x10*rad

AN

&
3

Plane Frame and Grid Equations

Rigid Plane Frame Example 5

Element 1: The element force-displacement equations can be
obtained using f = k’Td

d=Td=

o'o

0

0
-4.95%x10°m
-2.56x10°m

2.66x10*rad

'/z-\’zumvm v,
Sm 12
4m
I
0
0
0
-2.56x10°m
4.95x10°m

2.66x10*rad
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Plane Frame and Grid Equations

Rigid Plane Frame Example 5

Element 1: The element force-displacement equations can be

obtained using f = k’Td

] ] '/Z-\JZUKan E‘
c, © 0o '=¢ 0 0 3m
0 12c, 6LC,' 0 -12C, 6LC, o
o | 0 _BLC, 4cl’i 0 -6lc, 2oV
Cc, 0 0 ,¢C 0 0 !
0 -12C, -6LC,; 0 12C, -6LC,
| 0 BLC, 2C,l2' 0 -6LC, 4C,* |

_AE _ (2x10%)210x10°

Cr="T 4 =1.05x10° &/,
6 -5
2:E_3I:210><10(‘35><10 ) _ 388,80y,
L (3)

Plane Frame and Grid Equations

Rigid Plane Frame Example 5

Element 1: The element force-displacement equations can be

obtained using f = k’Td

(200 0 01200 0 0](0
0 15 31 0 -15 3)/0
=k =525x10°| —o-->. 8 0 73 440 .
200 0 0 ,200 0 0||-256x10°m
0 15 -3 | 0 15 -3|| 4.95x10°m
, 0 3 4! 0 -3 8] 266x10°rad
f/, 2.69 kN k'(n d
! 4.2kN
oo m;| | 5.59kN-m
O [ |-2.69 kN
f5, | |-4.2kN
m, 11.17 kN -m

47152
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'/Z‘\ZU kN -m E ‘

T

5m

-4.95%x10°m
-2.56x10°m
2.66x10*rad
0
0
0

Plane Frame and Grid Equations
Rigid Plane Frame Example 5
Element 2: The element force-displacement equations can be
obtained using f = k’Td
'C s o0l0o 0 0]
S C 00 00 C -1
7_/0.0 110 00 -
0o 0 0ic s 0 S=0
0 00,-SC O
0 0 0!0 0 1]
(10 0,0 0 0](-4.95x10°m
0 10!/0 0 0[-256x10°m
g -Tq_|0.0_ 110 0 0/ 266x10™rad | _
0 00:i100|]o
000,010|[0
10 00,00 1|0

Rigid Plane Frame Example 5

obtained using f = k’Td

c, © 0

I
I

0 12, 6LC, ! ~12C, 6LC,
I

K =| oo 2 27 T et o

-2 6
c :A_LE:(2x1o )521O><10 —0.84x10° Wy,

o _El_210x10°(2x10*)

=336 1y,
Cv (5)°

Plane Frame and Grid Equations

Element 2: The element force-displacement equations can be

'/Z‘\ZU kN -m E ‘

U
5m
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Plane Frame and Grid Equations

Rigid Plane Frame Example 5

Element 2: The element force-displacement equations can be

obtained using f = k’Td

200 0 0 1200 0 0 (-4.95x10°m
0 096 240 1+ 0 -0.96 2.40||-2.56x10°m
420100 0 240 8 | 0 -240 4 || 2.66x10%rad
@= "= 200 O 0 1200 0 0 0
0 -096 240 ! 0 096 —240(| 0
0 240 4 ' 0 -240 8 [0
| | 1
f,, 4.16 kN K@ d
f5, | |-2.69kN
o m 8.92kN -m
fo =1, (=
£/ [ ]-4.16 kN
f, 2.69 kN
m, 447 KN-m

Plane Frame and Grid Equations

Inclined or Skewed Supports

If a support is inclined, or skewed, at some angle « for the

global x axis, as shown below.

The boundary conditions on the displacements are not in the

global x-y directions but in the x’-y’ directions.

TEITTT ——
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Plane Frame and Grid Equations

Inclined or Skewed Supports

We must transform the local boundary condition of v’5 = 0 (in
local coordinates) into the global x-y system.

v 2 x'
M
2 ? F n 1

7w X

Plane Frame and Grid Equations

Inclined or Skewed Supports

Therefore, the relationship between of the components of the
displacement in the local and the global coordinate systems at
node 3 is:

u', cosa sina 0]|u,
viyr=|-sina cosa 0|4V,
s 0 0 114

We can rewrite the above expression as:

cosa sina 0
{d';} =[t;1{d,} [t,]=| -sina cosa O
0 0 1
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Plane Frame and Grid Equations

Inclined or Skewed Supports

We can apply this sort of transformation to the entire
displacement vector as:

{dj=mHd} or  {dj=[NT {d}

where the matrix [T}] is: [11 [0] [O]

[1=[01 [11 [0]
[0] [O] I[ts]

Both the identity matrix [I] and the matrix [t;] are 3 x 3 matrices.

Plane Frame and Grid Equations

Inclined or Skewed Supports

The force vector can be transformed by using the same
transformation. ,
{f'}=muf)

In global coordinates, the force-displacement equations are:
{f} =IK1{d}

Applying the skewed support transformation to both sides of the
force-displacement equation gives:

lTi]{f} :I.Ti][K]{d}

By using the relationship between the local and the global
displacements, the force-displacement equations become:

LU} =MIKITT {d'} = {f'}=[TIKITT {d’}
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Plane Frame and Grid Equations

Inclined or Skewed Supports
Therefore the global equations become:

I:1>< u1
Fy Vv,
M, K3
F2x l'12
F2y = I.Ti ][K]I.T| ]T Vv,
M, P
F '3X u'3 Elemental
. . coordinates
F 3y v,
M, 3

End of Chapter 5a






