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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS (Q8)

The next in our element development is a logical extension
of the quadrilateral element to a quadratically interpolated
quadrilateral element is defined by eight nodes, four at the
vertices and four at the middle at each side.

The middle node, depending on location, may define a
straight line or a quadratic line.

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS (Q8)

Transformation and Shape Functions - There are two
approaches to develop the interpolation or shape functions
for elements.

The first approach is based on representing the geometry
and the dependent variable as a function of the global
coordinates x and y.
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS (Q8)

Transformation and Shape Functions - There are two
approaches to develop the interpolation or shape functions
for elements.

The second approach begins with the parent element with
the interpolation and shape functions expressed in terms
of the local area coordinates.

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS (Q8)

For the first approach, consider a straight-sided rectangular

element shown below:
4 7 3

8 ¢ e 6

1 5 2

X

The variation of the dependent variable u over the element
may be expressed as:

u, (x,y)=a+bx+cy +dx* +exy +fy* + gx’y + hxy?
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS (Q8)

For the first approach, consider a straight-sided rectangular

element shown below:
4 7 3

8 ¢ e 6

1 5 2

X

Fitting this expression for u to the definition of the eight-node
quadrilateral given above requires:

U, (X,y;)=a+bx +cy, +dx? +exy, +fy,? +gx’y, + hxy,?

=12 ..,8

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS (Q8)

For the first approach, consider a straight-sided rectangular

element shown below:
4 7 3

8 ¢ e 6

1 5 2

X

The above equation is written for each nodal value of x and
y resulting in eight equations in the eight unknowns a, b, c,
d, e, f,g,and h.
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS (Q8)

For the first approach, consider a straight-sided rectangular

element shown below:
4 7 3

8 ¢ e 6

1 5 2

X

Solving this set of equations and collecting terms in u; results
in the interpolation functions.

u, (x,y)=u,'/N=N"u,

T =
where u.' =[ u,, u,, Us, Uy, Ug, Ug, U, Ug ]

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS (Q8)

For the first approach, consider a straight-sided rectangular

element shown below:
4 7 3

8 ¢ e 6

1 5 2

The interpolation functions N have the property that N;(x;, y;) =
d;, in other words, N;(x;, y;) = 1if i = j, and zero elsewhere.

u, (x,y)=u,'/N=N"u,

T =
where u.' =[ u,, u,, Us, Uy, Ug, Ug, Uz, Ug ]
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS (Q8)

The geometry of the quadrilateral element may also be
described using the above interpolations as:

N N
> xN, =x,'N=N"x, > yN =y 'N=Ny,
i=1 i=1
An isoparametric element may be formed by using a value

of N = 8 which uses the interpolation functions given
above.

However, a subparametric element may also be defined by
setting N = 4.

In this case, the interpolation functions defined for a four
quadrilateral are used.

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS (Q8)

The geometry of the quadrilateral element may also be
described using the above interpolations as:

N N
> xN, =x,'N=N"x, > yN =y 'N=Ny,
i=1 i=1
As we found in the development of the quadratic triangular
elements, the global coordinates approach is not the most

efficient method for describing the interpolation over the
element.

The eight interpolation or shape functions in global
coordinates x and y are mathematically clumsy and rarely
used in FEM analysis.
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS (Q8)

The geometry of the quadrilateral element may also be
described using the above interpolations as:

N N
> xN, =x,'N=N"x, > yN =y 'N=Ny,
i=1 i=1
An equivalent form of the shape functions may be derived in
terms of the local parental element coordinates.

These functions have a relatively simple mathematical form
and are more efficient in computing the elemental
matrices.

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS (Q8)

As described above, the second approach to developing a
set of interpolation or shape functions for an eight-node
quadrilateral element begins with the parent element in
local coordinates.

Consider the following eight-node quadrilateral in local
coordinates s and t.

t
4 7M:1 3

s=-1

1 t=-1|5 2
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS (Q8)

In the parent element the interpolation functions are given
as:

Ny ()< 1=8)0=D(A =51 N (s.)= (T8I0 +s )

4 4

(1+s)(1+t)(-1+s+1)

N, (s,t) = N, (st)=

4

(1-s)(1+t)(-1-s+1)

Ns(s,t):w Na(s,t)_w

2

N7(s,t):w NB(S,t):W

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS (Q8)

The parent element interpolation functions Ni(s, t) have two
basic shapes.

The behavior of the functions N, N,,, N,;, and N, are similar

except reference at different nodes. The shape function N,
is shown below:

t

4 71 t=1 3
s=1
8
6 S
s=-1
1 t=-1|5 2

7/32
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS (Q8)

The parent element interpolation functions Ni(s, t) have two
basic shapes.

The behavior of the functions N,, N, N;, and N, are similar
except reference at different nodes. The shape function N,
is shown below:

t

4 71 t=1 3
s=1
8
6 S
s=-1
1 t:_1 5 2 0 = 3 0.5 1

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS (Q8)

The parent element interpolation functions Ni(s, t) have two
basic shapes.

The second type of shape function is valid for functions N,
Ng, N, and Ng. The function N is shown below:

t

4 71 t=1 3
s=1
8
6 S
s=-1
1 t=-1|5 2
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS (Q8)

The parent element interpolation functions Ni(s, t) have two
basic shapes.

The second type of shape function is valid for functions N,
Ng, N, and Ng. The function N is shown below:

t

4 71 t=1 3
s=1
8
6 S
s=-1
1 t=-1|5 2

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS (Q8)

In a manner identical to that used in every element we have
developed so far, the nature of the transformation from the
parent element to the global element, the chain rule is
used to form the differential relationship:

8_88X+88y 0 00X 0 oy

0s Ox s oy s ot ox ot oy at

In matrix notation, these derivatives may be written as:

o |x o
oS 0s OS

0
ox

o |ox oyl s " ox
oy

ot] Lot ot
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS (Q8)
The determinate of the Jacobian matrix |J|:

ox oy x

oX oy OX

OX Q 0s ot 0s ot
ot ot ot ot

(522 22

The determinant of the Jacobian matrix, |J|, is a test of the
invertibility of the transformation x = x(s, t) and y = y(s, t).

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS (Q8)

When |J| is positive everywhere in a region, the
transformation may be inverted to determine
s =s(x,y)and t = t(x, y).

This means that for a given point (x, y) in the element there is
a unique corresponding point (s, t) in the parent element.

The |J(s, t)| is a measure of the expansion or contraction of a
differential area:

dxdy =|J(s,t)|dsdt

10/32
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS - Example 1
Consider the eight-node quadrilateral element given below.

(13) (2,3) (3,3)
4 7 3 x,”=(133123 2 a)
Y (2.2)48 6432
y. =(1 133 a2 3 2
1 5 2
(11 (2,a) (3,1)

X

The coordinate transformation is given as:

_((a—1)s—a+1)t2+(3—a)s+a+3 ((af1)sz7a+3)t+(17a)sz+a+3
= 2 y= 2
x_(a-Nt'-a+3 Y _(a-1)(sts)
os 2 0s

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS - Example 1
Consider the eight-node quadrilateral element given below.

(13) (2,3) (3,3)
4 7 3 x,”=(133123 2 a)
Y (2.2)48 6432
y. =(1 133 a2 3 2
1 5 2
(11 (2,a) (3,1)

X

The coordinate transformation is given as:

(a-1)s-a+1)t*+(3-a)s+a+3 ((a-1)s®-a+3)t+(1-a)s’+a+3

= 2 y= 2

a—x=(a—1)(st—1) al:(a—1)sz—a+3
ot ot 2

11/32
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS - Example 1
Consider the eight-node quadrilateral element given below.

(13) (2,3) (3,3)
4 7 3 x,”=(133123 2 a)
Y (2.2)48 6432
y. =(1 133 a2 3 2
1 5 2

(11) (2,a) (3,1

X

The resulting Jacobian is:

|(a—1)t;—a+3 (a-1)(sts)

[ 9(s.t)1= (a-1)s*-a+3

(a—1)(st—t) 5

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS - Example 1

Let’'s consider several cases where the |J| may become
negative.
The mapping at node 1 has the values of t =s = -1.
Substituting the corresponding s and t coordinates for nodes 1
into the expression for |J| gives:
|J(s,t)| =—4a*+8a-3

The resulting Jacobian is:

|(a—1)t;—a+3 (a-1)(sts)

[ 9(s.t)1= (a-1)s*-a+3

(a—1)(st—t) 5
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS — Example 1
The [J]is: |J(s,t)| =—4a* +8a—3

which is zero at a = 3/2 and 1/2.

For values of x and y greater than 3/2, the determinant of the
Jacobian is negative.

(13) (2.3) (33)

xeT:<1 331232 1.5>
Y (1.52)e 8 (3,2) yeT=<1 13 3 15 2 3 2>

(2,1.5)

(11) (3,1)
X Interior angle = 0

Note that for a = 3/2 the interior angle at node 1 is equal 0.

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS - Example 1
The [J]is: |J(s,t)| =—4a* +8a—3

Note that for a = 1/2 the interior angle at node 1 is equal 7.

(1,3) (2,3)

(3,3)
4 ; 3
6

i
°

x,=(133123 2 05)

Interior angle = =

vy =(113 3052 3 2

A\

13/32



CIVL 7/8111 2-D Boundary Value Problems - Quadrilateral Elements (Q8) 14/32

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS - Example 1

Let's compute the determinant |[J]| for
a element as shown: (13)  (23)  (33)

x,=(13312321)

vy, =(11331232)

The |[J]| is:

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS - Example 1

Let's compute the determinant |[J]| for
a element with (x5, yg) = (2, 2): (13)  (23) (33)

x,=(13312221)
y, =(11331232)

The |[J]| is: 21) (3
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS - Example 1

Let's compute the determinant |[J]| for
a element with (x4, Yg) = (1.1, 2): (13)  (23) (33)

X, =(133121121)
(12)@ €«— (1.12)
y, =(11331232)

The |[J]| is: v @) @B

91—

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS - Example 1

Let's compute the determinant |[J]| for
a element with (xg, yg) = (4, 2): (13)  (23) (33)

x,=(13312421)
y, =(11331232)

The |[J]| is: 21) (3

15/32
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS - Example 1

Let's compute the determinant |[J]| for
a element with (x4, y5) = (10, 2): (13)  (23) (33)

x, =(133121021)
(12) (10.2) §

’
s

vy, =(113312302)

The |[J]| is: 2 ()

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS - Example 1

Let’s compute the determinant |[J]| for a element with the
following coordinates: (13)  (23) (aa)
x, =(13a12321)
(12) (32)
v, =(11a31232)

Let's evaluate the |[J]| at (s, t) = (1, 1): ) @) (1)
[3]=3a-8

For the |[J]| to be positive, a > 8/3. If a < 8/3, then the |[J]| is
negative.

16/32
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS
EIGHT-NODE QUADRILATERRAL ELEMENTS - Example 1

Let’'s compute the determinant |[J]| for
a element with (x5, y;) = (4, 4):

x,=(13412321)

vy, =(11431232)

At (s, t)= (1, 1) |[J]] > O. W @) ()

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS
EIGHT-NODE QUADRILATERRAL ELEMENTS - Example 1

Let’'s compute the determinant |[J]| for
a element with (x5, y;) = (8/3, 8/3):

x,7=(13812321) (%:%4)

<
®
-
I
—
—
—
w]oo

31232)
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS - Example 1

Let’'s compute the determinant |[J]| for
a element with (x5, y3) = (2, 2):

x,=(13212321)
vy, =(11231232)

At (s, t)= (1, 1) |[J]] < O. (31)

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS - Example 1

Let’'s compute the determinant |[J]| for
a element with (x5, y;) = (1.1, 1.1):

xJ=(131112321)

vy, =(111131232)
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS - Example 1

When the |[J]| is negative the mapping between local
coordinates to global coordinates is not 1-to-1.

Here is a plot of the
mapping as the
vales of a range p
from 3 to 1.1:

o =

N

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EIGHT-NODE QUADRILATERRAL ELEMENTS

Derived Variables - The derived variables for the Poisson or
Laplace’s equation are the partial derivatives ou/ox and
auloy.

These terms are computed as functions of position in an
element using the shape functions and the nodal values.

The partial derivatives may be combined to give the normal or
directional derivative:

2—l;:(nXJ1 + nsz)ATu

e

19/32



CIVL 7/8111 2-D Boundary Value Problems - Quadrilateral Elements (Q8) 20/32

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS
EVALUATION OF MATRICES - Q8 ELEMENTS

The elemental matrices for the Poisson problem are:

oNON™  ON oNT
kezjﬂ& o 3y oy }dA fe:QNfdA
a,= [ NaN'ds h, = [ Nhds

72e V2e

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS
EVALUATION OF MATRICES - Q8 ELEMENTS

The development of both the k, and f, terms is identical to
that presented for other types of elements:

K, =

——,

“AJJAT ]ds dt
-1

1

f, :ijfdA{”NNT \J\dsdt]f
Ae Ae

where JJ = (J,TJ, + J,T ).
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS
EVALUATION OF MATRICES - Q8 ELEMENTS

The terms J, and J, are the first and second rows of the
inverse of the Jacobian matrix.
yrN o oN
J—1 — i € at € aS
J ON ON
I N N
ot oS

where |J| is the determinant of J.

1|0y oy 1 OX OX
J=—|= —— J=—| — =
|J[Lot  Os |J|| ot os

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EVALUATION OF MATRICES - Q8 ELEMENTS
The values of the matrix A may be computed as:

[(1-t)(2s+1) (1-s)(s+2t)

4 4
(1-t)(2s-t) (1+s)(2t-5)

4 4
(1+t)(2s+t) (1+s)(s+2t)

4 4
(1+t)(2s-t) (1-s)(2t-s)

A{@ @}: 4 4

os ot 2

21/32
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS
EVALUATION OF MATRICES - Q8 ELEMENTS

—

[AJJAT]dsdt

The k_ terms: !
e ke :J'
905

For a general quadratic quadrilateral element, the 8x8 matrix
JJ is a functional of s and t with the Jacobian [|J] in the
denominator.

The resulting expression for JJ is very difficult to evaluate
exacting and the integrations are usually done numerically.

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS
EVALUATION OF MATRICES - Q8 ELEMENTS

Therefore, the terms k, and f, may be cast in the following

form:
1 1

I= j 'fG(s,t)dsdt

-1 -1

where G(s,t) is a complicated function of the
variables s and t.

In principle, it may be possible to evaluate the f, terms,
however, numerical integration is typically more practical.

For the k, terms, the appearance of the Jacobian |J| in the
integrand generally indicates the use of numerical
quadrature.

22/32
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS
EVALUATION OF MATRICES - Q8 ELEMENTS

Therefore, the general expressions for k, and f, are:
1 1
= j J[ (s.t)JJ(s,t) AT (s,t) |dsdt

1 1
f :_L J;N(s,t)NT (s,t)|J]dsdt

We can use the Gaussian quadrature developed for one
dimensional integrals and apply that approximation for both
sandt.

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS
EVALUATION OF MATRICES - Q8 ELEMENTS

The general form for an N-term Gaussian quadrature is:

I:j jG(s,t)dsdt ii G(s.t; )w,w

1 i=1 j=1

where s, t; are the Gauss points and w; and w; are the
corresponding weights.

Therefore k, and f, may be evaluated by:

- i [ AJJAT |dsdt = ii(AijJJiinjT Jw, w,

i=1 j=1

- U _1[NNT |J|ds dtjf = (ii(NUNUT ], Jw,w, Jf

-1 -1 i=1 j=1

]

Le—
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EVALUATION OF MATRICES - Q8 ELEMENTS
Consider the integrals a, and h,:

a, = [ NaN'ds h, = [ Nhds
72e 72e
where the integration is along a boundary segment of the
element.

Since, the integration is computed along a single side of the
quadratic element, the interpolation functions are quadratic.

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EVALUATION OF MATRICES - Q8 ELEMENTS
Consider the integrals a, and h,:

a, = [ NaN'ds h, = [ Nhds
V2e 72e
where the integration is along a boundary segment of the
element.

Since, the integration is computed along a single side of the
quadratic element, the interpolation functions are quadratic.

a(s) =aN;+aN; +a,N,

/321 h(s)=hN, +hN, +h N_
I

24/32
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EVALUATION OF MATRICES - Q8 ELEMENTS

The variation of x and y as function of s along the boundary is
given as:

X(s)=xN, +x,N; +x, N y(s)=y,N, +y,N; +y,N,

The differential arc length dl, is:

di,2=dx®+dy> - d_ = \/[x’(s)]2 + [y'(s)}2 ds

I, =j1dle = i\/[x’(s)]z +[y’(s)]2 ds

yj -
2

X'(s)=— +s(xi—2xm+x].) y'(s)= +S(yi_2ym+yj)

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

EVALUATION OF MATRICES - Q8 ELEMENTS
The integrals defining a, and h, are:

a, :_tN(aiNl +a;N, +a, N, JNTI_ds

1
h, = [ Nhds = UNNT Ieds]h
V2e -1

The resulting 3 x 1 elemental load vector contributes to the

global system equations if the element has a side as part of
the boundary.
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS
EVALUATION OF MATRICES - Q8 ELEMENTS

The global system equations are composed from the
following summations:

KG:Z kG+Z’aG FG=ZfG+Z’hG

The resulting system equations are, in matrix form, given as:

[ Kous =F;

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS
EVALUATION OF MATRICES - Q8 ELEMENTS

PROBLEM #24 - Write a computer program subroutine called
Q8QUAD that calculates the components of the k, matrix for
a general quadratic quadrilateral element using Gaussian
quadrature.

This assignment is similar to Problem #23 except an eight-
node quadrilateral is used.

Check your work with the problem in the your textbook on
pages 336 and 338.
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

Example - Consider the same problem of torsion of a
homogeneous isotropic prismatic bar we solved before,

except using a single Q8 element.

Lines of Symmetry

a1

¢~

®6

2a-|-‘/.

2a 2a
cross-sectional area
x,=(0 110 05 105 0)

2
o) X

e

(0,0

X

y, =(0 0 110 05 1 05)

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

Example - Recall, the non-dimensional Poisson equation
governing this problem.

VPP(X,Y)+1=0 inQ —-1<X<1

¥ =0 onTl -1<Y <1
with
x =X y=-Y yo_ 9
a a 2G0la

The stresses and torque for the Prandtl stress function are:

T, = ZGeaa—\P T, = —ZGeaG—LP
oY Y oX

T = 4G#a* j j ¥ dXdY
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

Example - Elemental Formulation - Using a linear triangular
element the elemental stiffness matrix components are:

k, =j j[AJJAT]dsdt :ii(AuJJiinjT)Win
-1 -1 i

i=1

For element 1:

N=7
[ 1.1556 0.5000 0.5111 0.5000
1.1556 0.5000 0.5111
1.1556 0.5000
1.1556

| Symetric

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

j=1

-0.8222
-0.8222
-0.5111
-0.5111

2.3111

-0.5111
-0.8222
-0.8222
-0.5111

0.0000
2.3111

-0.5111
-0.5111
-0.8222
-0.8222

0.3556
0.0000
23111

-0.8222]
-0.5111
-0.5111
-0.8222

0.0000
0.3556
0.0000

2.3111]

Example - Elemental Formulation - The loading function of

f(X, Y) = 1 gives a series of elemental load vectors of:

fe:[‘i‘ jNNwJ\dsdtjf =£ii

i=1 j=1

-1 -1

For element 1:

—0.0833
N=7 —0.0833
—0.0833
—0.0833
€ 0.3333
0.3333
0.3333
0.3333

(N".NijT ‘J‘ij )wi w, }f
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

Assembly - Since there is one element assembly is not

difficult:

[1.1556 0.5000 0.5111 0.5000 -0.8222 -0.5111 -0.5111 -0.8222] ¥, -0.0833
0.5000 1.1556 0.5000 0.5111 -0.8222 -0.8222 -0.5111 -0.5111||V¥, -0.0833
0.5111 0.5000 1.1556 0.5000 -0.5111 -0.8222 -0.8222 -0.5111||Y¥, -0.0833
0.5000 0.5111 0.5000 1.1556 -0.5111 -0.5111 -0.8222 -0.8222||Y¥, B -0.0833

-0.8222 -0.8222 -0.5111 -0.5111 2.3111 0.0000 0.3556 0.0000 ||¥, ~ ] 0.3333
-0.5111 -0.8222 -0.8222 -0.5111 0.0000 2.3111 0.0000 0.3556 ||¥, 0.3333
-0.5111 -0.5111 -0.8222 -0.8222 0.3556 0.0000 2.3111 0.0000 ||¥, 0.3333

|-0.8222 -0.5111 -0.5111 -0.8222 0.0000 0.3556 0.0000 2.3111]|'¥, 0.3333

Y
7 1
4 . 3
8 ¢ *6
1 2
(0,0) 5 1o X

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

Example - Constraints - For this model, ¥ = 0 on the
boundary, therefore, \¥,, V5, ¥,, ¥, and ¥, = 0.

[ 1.1556 [{0IS0001 05111 10:50001-0.8222 FOISATT =041 -0.8222] (¥,] (-0.0833
05000 1.1556 0.5000 0.5111 -0.8222 -0.8222 -0.5111 -05111||¥,| | 0.0833
05111 05000 1.1556 0.5000 -0.5111 -0.8222 -0.8222 -05111||®,| | 0.0833
0.5000 05111 05000 1.1556 -0.5111 -0.5111 -0.8222 -0.8222||'¥,| |-0.0833
-0.8222 [-0:8222 05111 05111 2.3111 |0.0000 0.3556 0.0000 ]\Ps _] 0.3333
05111 -0.8222 -0.8222 -0.5111 0.0000 23111 0.0000 0.3556||%.| | 0.3333
05111 -0.5111 -0.8222 -0.8222 0.3556 0.0000 2.3111 0.0000||¥,| | 0.3333
[-0.8222 05111 -0.5111 -0.8222 | 0.0000 0.3556 0.00000 23111||¥,) | 0.3333
Y
7 11
4 A 3
8 ¢ *6
1 2
(0.0) 5 1o X
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

Example - Constraints - For this model, ¥ = 0 on the
boundary, therefore, \¥,, V5, ¥,, ¥, and ¥, = 0.

[ 1.1556 [0.5000 0.5111 0.5000 -0.8222 FOISATIN=0STIAN -0.8222] (P, [—0.0833
0.5000 1.1556 0.5000 0.5111 -0.8222 -0.8222 -0.5111 -0.5111||¥,| |-0.0833
05111 0.5000 1.1556 0.5000 -0.5111 -0.8222 -0.8222 -0.5111 :‘I"a |-0.0833

0.5000 0.5111 0.5000 1.1556 -0.5111 -0.5111 -0.8222 -0.8222||¥,| |-0.0833

-0.8222 |-0.8222 -0.5111 -0.5111 2.3111 |0.0000 0.3556 0.0000 || ‘¥, :1 0.3333

-0.5111 -0.8222 -0.8222 -0.5111 0.0000 2.3111 0.0000 0.3556||%¥;| | 0.3333

-0.5111 -0.5111 -0.8222 -0.8222 0.3556 0.0000 2.3111 0.0000||¥;| | 0.3333

|-0-8222 [-0.5141°7-0.5111"-0.82227| 0.0000 [0.35560.0000" 2.3111| [\l’s [ 0.3333

Solution - Solving the above equations gives:

¥, =0.2696 Y, =0.2401 Y, =0.2401 ¥ = 4 5
2G6Oa

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

Example - Constraints - For this model, ¥ = 0 on the
boundary, therefore, \¥,, V5, ¥,, ¥, and ¥, = 0.

Y Y
4 l (1,1)3 (11
8 6
1 2 1
L 2 [
(0,0) 5 o) X (0,0) 4 a0 X

Solution - Solving the above equations gives:

Y, =0.2696 Y, =0.2401 ¥, =0.2401 Q8 element

Y, =0.3000 Y, =0.2250 T6 element
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS
Solution - Solving the above equations gives:

¥, =0.2696 ¥, =0.2401 ¥, =0.2401

(11

N
\<‘
[o)]
N
o~
w

®6

©0) 5 W) X 1 2

(0,0) 5 10 X

TWO-DIMENSIONAL BOUNDARY VALUE PROBLEMS

Example - Computation of Derived Variables - The total
torque may be calculated as:

T =4Goa* [[¥ dxdY :4[4eea4jj\yy\| dx de
A

= 4| 4Goa* 86
625

T =2.2016GHa* N T . =2.2496GHa*

exact

T =2.133G#Ha* T6 element
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End of
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Elements (Q8)





