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CIVL 7/8012 

In-class problem solutions 

Multivariate distributions 

 

1. PMF of precipitation X and runoff Y is discretized as follows: 

 

a. P(X≥2, Y>20) 

= P(X=2,Y=30) + P(X=3,Y=30) 

= 0.1 + 0.1 

= 0.2 

 

b. P(X=2, Y≥20) 

= P(X=2, Y=20) + P(X=2, Y=30) 

= 0.25 + 0.1 

= 0.35 

 

c. P(X=1) = 0.05 + 0.1 + 0 = 0.15 

P(Y=10) = 0.05 + 0.15 + 0 = 0.20 

P(X=1)* P(Y=10) = 0.03 

P(X=1,Y=10) = 0.05 

Since, 

P(X=1)* P(Y=10)   P(X=1,Y=10) They are not independent 

 

d. Marginal PMF of runoff; 

P(Y=10) = 0.05 + 0.15 + 0 = 0.20 

P(Y=20) = 0.10 + 0.25 + 0.25 = 0.6 

P(Y=30) = 0 + 0.1 + 0.1 = 0.2 

 

e. P(X=2|Y) = P(X=2|Y=10) + P(X=2| Y=20) + P(X=2| Y=30) 

= 0.15 + 0.25 + 0.10  

= 0.5 

f. Correlation coefficient, 𝜌𝑋𝑌 =
𝐶𝑜𝑣(𝑋,𝑌)

√𝑉(𝑋)∗𝑉(𝑌)
 

𝐶𝑜𝑣(𝑋, 𝑌) = 𝐸(𝑋𝑌) − 𝜇𝑋𝜇𝑌 

= (10 ∗ 1 ∗ 0.05 + 10 ∗ 2 ∗ 0.15 + 0 + 

     20 ∗ 1 ∗ 0.1 + 20 ∗ 2 ∗ 0.25 + 20 ∗ 3 ∗ 0.25 + 

     0 + 30 ∗ 2 ∗ 0.1 + 30 ∗ 3 ∗ 0.1) − 20 ∗ 2 

= 45.5 − 40  

= 5.5  

 

 X=1 X=2 X=3 Totals 

Y=10 0.05 0.15 0 0.2 

Y=20 0.1 0.25 0.25 0.6 

Y=30 0 0.1 0.1 0.2 

Totals 0.15 0.5 0.35 1 
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𝐸(𝑋) = 1 ∗ 0.15 + 2 ∗ 0.5 + 3 ∗ 0.35 = 2.2 

𝐸(𝑌) = 10 ∗ 0.2 + 20 ∗ 0.6 + 30 ∗ 0.2 = 20 

𝑉(𝑋) = 12 ∗ 0.15 + 22 ∗ 0.5 + 32 ∗ 0.35 − 𝐸(𝑋) = 3.1 

𝑉(𝑌) = 102 ∗ 0.2 + 202 ∗ 0.6 + 302 ∗ 0.2 − 𝐸(𝑌) = 420 

𝜌𝑋𝑌 =
5.5

√3.1 ∗ 420
= 0.1524 

 

2.  

a. Integrating over 𝑦 we get 

∫
6(𝑥 + 𝑦2)𝑑𝑦

5
=  

6

5
[𝑥𝑦 +

𝑦3

3
]

0

1

=  
2(3𝑥 + 1)

5

1

0

 

 

b. 𝑓𝑌|𝑋(𝑦|𝑥) =
𝑓𝑋𝑌(𝑥,𝑦)

𝑓𝑋(𝑥)
=

(6
5⁄ )(𝑥+𝑦2)

(2
5⁄ )(3𝑥+1)

=
3(𝑥+𝑦2)

3𝑥+1
 

Then, P(Y > 0.5|X = 0.5) = 3 ∫
(0.5 + 𝑦2)𝑑𝑦

1.5 + 1
=  

3

2.5
[0.5𝑦 +

𝑦3

3
]

0

1

=  0.65

1

0

 

c.  

∫ ∫ 𝑥𝑦𝑓𝑋𝑌(𝑥, 𝑦)𝑑𝑥𝑑𝑦 =
6

5
∫ ∫(𝑥2𝑦 + 𝑥𝑦3)𝑑𝑥𝑑𝑦

1

0

1

0

=
2

5
∫ 𝑦𝑑𝑦 +

3

5
∫ 𝑦3𝑑𝑦 =

1

5
+

3

20
= 0.35

1

0

1

0

 

1

0

1

0

 

 

𝐶𝑜𝑣(𝑋, 𝑌) = 𝐸(𝑋𝑌) − 𝐸(𝑋)𝐸(𝑌) = 0.35 ∗
3

5
∗

3

5
= −0.01 

𝑉(𝑋) = 𝐸(𝑋2) − (𝐸(𝑋))
2

= [
13

30
−

3

5

2

] = 0.0733 

𝑉(𝑌) = 𝐸(𝑌2) − (𝐸(𝑌))
2

= [
11

25
−

3

5

2

] = 0.08 

𝐶𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡, 𝜌𝑋𝑌 =
𝐶𝑜𝑣(𝑋, 𝑌)

√𝑉(𝑋) ∗ 𝑉(𝑌)
=

−0.01

√0.0733 ∗ 0.08
= −0.131 

 


